On homotopy groups of the suspended classifying spaces by Mikhailov, Roman & Wu, Jie
ar
X
iv
:0
90
8.
35
80
v2
  [
ma
th.
AT
]  
24
 O
ct 
20
09
ON HOMOTOPY GROUPS OF THE SUSPENDED CLASSIFYING
SPACES
ROMAN MIKHAILOV AND JIE WU
Abstrat. In this paper, we determine the homotopy groups pi4(ΣK(A, 1)) and pi5(ΣK(A, 1))
for abelian groups A by using dierent fats and methods from group theory and ho-
motopy theory: derived funtors, the Carlsson simpliial onstrution, the Baues-Goerss
spetral sequene, homotopy deompositions and the methods of algebrai K-theory. As
the appliations, we also determine pii(ΣK(G, 1)) with i = 4, 5 for some non-abelian
groups G = Σ3 and SL(Z), and pi4(ΣK(A4, 1)) for the 4-th alternating group A4.
1. Introdution
It is well-known that the suspension funtor applied to a topologial spae shifts ho-
mology groups, but "haotially" hanges homotopy groups. For example, one an take
a irle S1, whose homotopy type is very simple. Its suspension ΣS1 = S2 has obvious
homology groups, however the problem of investigating the homotopy groups of S2 is one
of the deepest problems of algebrai topology. Consider the following funtors from the
ategory of groups to the ategory of abelian groups:
πn(Σ
mK(−, 1)) : Gr→ Ab, n ≥ 1, m ≥ 1
dened by A 7→ πn(Σ
mK(A, 1)), where Σm is the m-fold suspension. It is lear that
πn(Σ
mK(Z, 1)) = πn(S
m+1), that is the homotopy groups of spheres appear as the simplest
ase of a general theory of homotopy groups of suspensions of lassifying spaes.
For the ase m = 1, 2 and n = 3, 4 there is the following natural ommutative diagram
with exat rows [6℄:
0 // π3(ΣK(G, 1)) //

G⊗G //

[G,G] // 1
0 // π4(Σ
2K(G, 1))

// G⊗˜G //

[G,G] // 1
0 // H2(G) // G ∧G // [G,G] // 1
(1.1)
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where G⊗G is the non-abelian square of G in the sense of Brown-Loday [6℄, G⊗˜G (resp.
G∧G) is the quotient of G⊗G by the normal subgroup generated by elements g⊗h+h⊗g
(resp. g⊗g, g ∈ G). In partiular, for an abelian group A, there are natural isomorphisms
π3(ΣK(A, 1)) ≃ A⊗A
π4(Σ
2K(A, 1)) ≃ πS2K(A, 1) ≃ A⊗˜A.
The purpose of this artile is to determine the homotopy groups π4(ΣK(A, 1)) and
π5(ΣK(A, 1)) for abelian groups A. In order to investigate the struture of these homotopy
groups, we use dierent fats and methods of group theory and homotopy theory: derived
funtors, the Carlsson simpliial onstrution, the Baues-Goerss spetral sequene [4℄,
homotopy deompositions and the methods of algebrai K-theory. The ombination of
these dierent methods provides an eetive way for determining these homotopy groups.
As reader will see, some our omputations use ommutator triks in simpliial groups.
The homotopy group π4(ΣK(A, 1)) as a funtor on A an be given as follows:
Theorem 1.1 (Theorem 3.1). Let A be any abelian group. Then there is a natural short
exat sequene
(Λ2(A)⊗A)⊕2 ⊕A⊗A⊗ Z/2 ⊂ ✲ π4(ΣK(A, 1)) ✲✲ Tor(A,A).
Moreover (Λ2(A)⊗A)⊕2 is an (unnatural) summand of π4(ΣK(A, 1)).
An interesting point of this theorem is that the funtor π4(ΣK(A, 1)) has Tor(A,A) as
a natural quotient. For determining the struture of the group π4(ΣK(A, 1)), one has to
solve the group extension problem in Theorem 1.1. For nitely generated abelian groups
A, we are able to solve this problem. Given a nitely generated abelian group A, let
A = A1 ⊕
⊕
r ≥ 1
p is a prime
Apr
be the primary deomposition of A, where A1 is torsion free and Apr is a free Z/p
r
-module.
Theorem 1.2 (Theorem 3.2). Let A be any nitely generated abelian group. Let A =
A2 ⊕B with B = A1 ⊕
⊕
pr 6=2Apr . Then
π4(ΣK(A, 1)) ∼=
1
2
(A2 ⊗ A2)⊕ (A2 ⊗B)
⊕2 ⊕B⊗2 ⊗ Z/2⊕ (A⊗ Λ2(A))⊕2
⊕Tor(A2, B)
⊕2 ⊕ Tor(B,B),
where
1
2
(A2 ⊗ A2) is a free Z/4-module with rank of dimZ/2(A2 ⊗ A2).
One point of this theorem is that the (maximal) elementary 2-group summand A2 of A
plays a key role in the group extension problem. Roughly speaking A2 ⊗A2 is half down
in the group π4(ΣK(A, 1)).
As the appliations of Theorems 1.1 and 1.2, we are able to ompute π4(M(Z/2
r, 2)) and
their onnetions with π4(ΣK(Z/2
r, 1)). As the diret onsequenes, the homotopy groups
π4(ΣRP
n) and π4(ΣK(Σ3, 1)) are determined. (See subsetion 3.2 for the omputations
of these homotopy groups.)
For the homotopy group π5(ΣK(A, 1)), as a funtor, it an be desribed by two exat
sequenes given in diagram (4.1). Unfortunately it seems too ompliated to produe a
anonial funtorial short exat sequene desription for the funtor π5(ΣK(A, 1)) from
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diagram (4.1). For any nitely generated abelian group A, we determine π5(ΣK(A, 1)) in
an un-funtorial way by the following steps:
1) From the Hopf bration, π5(ΣK(A, 1)) ∼= π5(ΣK(A, 1) ∧K(A, 1));
2) Take a primary deomposition of A and write K(A, 1) as a produt of opies of
S1 = K(Z, 1) and K(Z/pr, 1);
3) By using the fat that
ΣX × Y ≃ ΣX ∨ ΣY ∨ ΣX ∧ Y,
write ΣK(A, 1) ∧K(A, 1) as a wedge of the spaes in the form
X = ΣmK(Z/pr11 , 1) ∧K(Z/p
r2
2 , 1) ∧ · · · ∧K(Z/p
rt
t , 1)
with m+ t ≥ 3 and m ≥ 1;
4) By applying the Hilton-Milnor Theorem, π5(ΣK(A, 1)) beomes a summation of
π5(X) for some X in the above form.
For the spaes X in the above form, it is ontratible if pi 6= pj for some i 6= j and π5(X)
an be determined in Proposition 4.2 for an odd prime p. The only diult part is to
ompute π5(X) for X given in the form
X = ΣmK(Z/2r1, 1) ∧ · · · ∧K(Z/2rt , 1)
with m + t ≥ 3 and m ≥ 1. Our omputations are then given ase-by-ase (Proposi-
tions 4.4-4.6 and Theorems 4.1-4.4), in whih dierent methods are involved. An instru-
tional example is as follows:
Let A = Z⊕ Z/2. Aording to 1), π5(ΣK(A, 1)) ∼= π5(ΣK(A, 1) ∧K(A, 1)). As in 3),
ΣK(A, 1) ∧K(A, 1) ≃ Σ(S1 × RP∞) ∧ (S1 × RP∞)
≃ Σ(S1 ∨ RP∞ ∨ ΣRP∞) ∧ (S1 ∨ RP∞ ∨ ΣRP∞)
= S3 ∨
2∨
Σ2RP∞ ∨
2∨
Σ3RP∞ ∨ ΣRP∞ ∧ RP∞∨
∨
2∨
Σ2RP∞ ∧ RP∞ ∨ Σ3RP∞ ∧ RP∞.
By applying the Hilton-Milnor Theorem as in 4), π5(ΣK(A, 1)∧K(A, 1)) is a summation
of
π5(S
3), π5(Σ
2RP∞), π5(ΣRP
∞ ∧ RP∞), π5(Σ(RP
∞)∧3), · · ·
with multipliities. From Theorem 4.4, we have
π5(Σ
2RP∞) = Z/8
and by Proposition 4.6 and Theorem 4.1, we have
π5(ΣRP
∞ ∧ RP∞) = π5(Σ(RP
∞)∧3) = Z/2⊕2.
The group π5(ΣK(Z ⊕ Z/2)) will be determined by lling all possible summands with
multipliities.
As the appliations of our omputations on π5(ΣK(A, 1)), we are able to determine
π5(ΣRP
n) (Proposition 4.8) and π5(ΣK(Σ3, 1)) (Proposition 4.9).
In setion 2 we reall ertain fats from the homotopy theory, suh as the Whitehead
exat sequene, the Carlsson simpliial onstrution and desribe a spetral sequene
(2.9), whih onverges to π∗(Σ
mK(A, 1)) for any abelian group A, with E2-terms are
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given by the derived funtors of ertain polynomial funtors. We illustrate how it works
in Theorem 4.4 for omputing
π5(Σ
2K(Z/2r, 1)) =
Z/8 if r = 1,
Z/2r+1 ⊕ Z/2 if r > 1.
The interesting point is of ourse how Z/8 shows up in the ase r = 1 while it beomes
Z/2r+1 ⊕ Z/2 for r > 1. The proof is also based on the omputations of the derived
funtors of the antisymmetri square ⊗˜
2
.
There is a natural relation between the problem onsidered and algebrai K-theory.
Sine the plus-onstrution K(G, 1) → K(G, 1)+ is a homologial equivalene, there is a
natural weak homotopy equivalene
ΣK(G, 1)→ Σ(K(G, 1)+)
This denes the natural suspension map:
πn(K(G, 1)
+)→ πn+1(Σ(K(G, 1)
+)) = πn+1(ΣK(G, 1))
for n ≥ 1. This map was studied in [3℄ in the ase of a perfet group G. We onsider
the ase G = E(R), i.e. the group of elementary matries over a ring R. In this ase the
natural map
K3(R) = π3(K(E(R), 1)
+)→ π4(ΣK(E(R), 1))
is an isomorphism (Theorem 5.1). The natural relation to K-theory gives a way how to
ompute homotopy groups πi(ΣK(E(R), 1)) for i = 4, 5 for some rings. For example, the
ase G = SL(Z) is onsidered. As an appliation of our methods, we also determine that
π4(ΣK(A4, 1)) = Z/4 for the 4-th alternating group A4.
The artile is organized as follows. We give a brief review for the quadrati funtors
and the simpliial resolutions in Setion 2. The determination of π4(ΣK(A, 1)) is given
in setion 3, where the proofs of Theorems 1.1 and 1.2 are also given. In setion 4, we
give ase-by-ase omputations for π5(ΣK(A, 1)). In Setion 5, we give some relations to
K-theory.
2. The Quadrati Funtors and the Simpliial Resolutions
2.1. Whitehead Quadrati Funtor. In [19, Chapter II℄, J. H. C Whitehead introdue
the universal quadrati funtor Γ2 from abelian groups to abelian groups as follows: Let
A be any abelian group. Then Γ2(A) is the group generated by the symbols γ(x), one for
eah x ∈ A, subjet to the dening relations
(1) γ(−x) = γ(x);
(2) γ(x+ y + z)− γ(x+ y)− γ(y + z)− γ(x+ z) + γ(x) + γ(y) + γ(z) = 0.
Note. Aording to [19, p. 61℄, the group Γ2(A) is abelian and so the multipliation in
Γ2(A) is denoted by +. Dene
γ(x, y) = γ(x+ y)− γ(x)− γ(y).
The following proposition helps for determining the group Γ2(A).
Proposition 2.1. [19, Theorem 5℄ Let A be an abelian group with a basis {ai | i ∈ I} for
a well-ordered index set I, and the dening relations {bλ ≡ 0}. Then the group Γ2(A) is
ombinatorial dened by the set of symboli generators γ(ai), i ∈ I, and γ(ai, aj), i, j ∈ I
with i < j with dening relations γ(bλ) ≡ 0 and γ(ai, bλ) ≡ 0.
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Example 2.1. We list some examples of the group Γ2(A). The rst two examples are
diret onsequenes of the above proposition.
(1) Let A be a free abelian group with a basis {ai | i ∈ I} for a well-ordered index set
I. Then Γ2(A) i s the free abelian group with a basis given by γ(ai), i ∈ I, and
γ(ai, aj), i, j ∈ I with i < j.
(2) If A is a yli group of nite order m generated by a1, then Γ2(A) is yli of
order m or 2m, aording as m is odd or even, generated by γ(a1).
(3) Let A =
⊕
i∈I Ai for a well-ordered index set I. Then [19, Theorem 7℄
Γ2(A) ∼=
⊕
i∈I
Γ2(Ai)⊕
⊕
i, j ∈ I
i < j
Ai ⊗ Aj.
(4) For a general abelian group A, there is a short exat sequene [10, formula (13.8),
p.93℄
A⊗A ⊂
t✲ Γ2(A) ✲✲ A⊗ Z/2,
where t(a⊗ b) = γ(a, b) = γ(a + b)− γ(a)− γ(b). 
2.2. Lower Homology of K(A, 2). The homology of Eilenberg-MaLane spaes K(A, n)
has been studied in the lassial referene [10℄ and other papers. See also [5℄ for the
funtorial desription of homology groups of K(A, 2) in all dimensions.
Lemma 2.1. [10, Theorems 20.5 and 21.1℄ Let A be any abelian group. Then
(1) H2(K(A, 2)) = A;
(2) H3(K(A, 2)) = 0;
(3) H4(K(A, 2)) = Γ2(A). 
The homology H5(K(A, 2)) beomes a speial funtor on A. Let R2(A) = H5(K(A, 2)).
The group R2(A) for nitely generated abelian group A an be omputed as follows [10,
Setion 22℄:
1) If A is a yli group of order innite or odd, then R2(A) = 0;
2) If A = Z/2rZ with r ≥ 1, then R2(A) ∼= Z/2.
3) Let A = A1⊕A2. ThenK(A, 2) ≃ K(A1, 2)×K(A2, 2). By using Kunneth theorem
together with the fat that H1(K(A, 2)) = H3(K(A, 2)) = 0 from Lemma 2.1, we
have
H5(K(A, 2)) ∼= H5(K(A1, 2))⊕H5(K(A2, 2))⊕ Tor(H2(K(A1, 2)), H2(K(A2, 2))).
Thus
R2(A1 ⊕ A2) ∼= R2(A1)⊕ R2(A2)⊕ Tor(A1, A2). (2.1)
Reall the denition of the derived funtors in the sense of Dold-Puppe [9℄. Let F
be an endofuntor in the ategory of abelian groups and A an abelian group. Take a
projetive resolution P∗ → A. Let N
−1
be the inverse map to the normalization map due
to Dold-Kan. Then N−1P∗ is a free simpliial resolution of A. Then, the i-th derived
funtor of F applied to the abelian group A, is dened as follows:
LiF (A) = πi(F (N
−1P∗)), i ≥ 0.
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It is a well-known fat that this denition does not depend on a hoie of a projetive
resolution. In these notations, one has a natural isomorphism:
R2(A) = L1Γ2(A).
2.3. Whitehead exat sequene. Let X be a (r − 1)-onneted CW -omplex, r ≥ 2.
There is the following long exat sequene of abelian groups [19, Theorem 1℄:
· · · → Hn+1(X)→ Γn(X)→ πn(X)
hn→ Hn(X)→ Γn−1(X)→ . . . , (2.2)
where Γn(X) = Im(πn(skn−1(X))→ πn(skn(X))) (here ski(X) is the i-th skeleton of X),
hn is the nth Hurewiz homomorphism.
The Hurewiz theorem is equivalent to the statement Γi(X) = 0, i ≤ r. J. H. C.
Whitehead omputed the term Γr+1(X): In the following theorem, assertion (1) was
given in [19, Theorem 14℄ and assertion (2) was given the earlier paper [18℄. Aording
to the remarks in the end of [19, Setion 14℄, assertion (2) has been disussed by G. W.
Whitehead [20℄ as well.
Theorem 2.1. Let X be a (r − 1)-onneted CW -omplex with r ≥ 2. Then
(1) If r = 2, then Γ3(X) ∼= Γ2(π2(X)).
(2) If r > 2, then Γr+1(X) ∼= πr(X)⊗ Z/2. 
The isomorphism Γ2(π2(X))→ Γ3(X) is onstruted as follows: Let η : S
3 → S2 be the
Hopf map and let x ∈ π2(X) be written as the the omposite
S2
x˜✲ sk2(X) ⊂ ✲ sk3(X).
Then the omposite
S3
η✲ S2
x˜✲ sk2(X) ⊂ ✲ sk3(X)
denes an element η∗(x) ∈ Γ3(X). Aording to [19, Setion 13℄, the mapping
η1 : Γ2(π2(X))→ Γ3(X), γ(x) 7→ η
∗(x), (2.3)
is a well-dened isomorphism of groups. The onstrution of the isomorphism πr(X) ⊗
Z/2→ Γr+1(X) in assertion (2) is similar.
Reall the desription of the funtors Γr+2(X) due to H.-J. Baues [2℄. Consider the
third super-Lie funtor
L
3
s : Ab→ Ab
dened as
L
3
s(A) = im{A⊗ A⊗ A
l
→ A⊗ A⊗ A}
where
l(a⊗ b⊗ c) = {a, b, c} := a⊗ b⊗ c+ b⊗ a⊗ c− c⊗ a⊗ b− c⊗ b⊗ a, a, b, c ∈ A.
Observe that L
3
s(A) = ker{A ⊗ Λ
2(A)
r
→ Λ3(A)}, where Λi(A) is the ith exterior power
of A and the map r is given as
r(a⊗ b ∧ c) = a ∧ b ∧ c, a, b, c ∈ A.
Let the omplex X be simply onneted. Given an abelian group A, dene the map
q : Γ2(A)⊗ A→ L
3
s(A)⊕ Γ2(A)⊗ Z/2
by setting
q(γ2(a)⊗ b) = −{b, a, a}+ (γ2(a+ b)− γ2(a)− γ2(b))⊗ 1, a, b ∈ A.
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Dene the group Γ22X = Γ
2
2(Γ2(π2X)→ π3X) as the pushout:
Γ2(π2(X))⊗ (π2(X)⊕ Z/2)
q⊕id//
η1⊗id

L
3
s(π2(X))⊕ Γ2(π2(X))⊗ Z/2

π3(X)⊗ (π2(X)⊕ Z/2) // Γ22(X)
(2.4)
Theorem 2.2. [2, Theorem 3.1℄ Let X be a (r−1)-onneted CW -omplexes with r ≥ 2.
1) If r = 2, then there is a natural short exat sequene
0→ Γ22(X)→ Γ4(X)→ R2(π2(X))→ 0.
2) If r = 3, then there is a natural exat sequene
0→ π4(X)⊗ Z/2⊕ Λ
2(π3(X))→ Γ5(X)→ Tor(π3(X),Z/2)→ 0.
3) If r ≥ 4, there is a natural exat sequene
0→ πr+1(X)⊗ Z/2→ Γr+2(X)→ Tor(πr(X),Z/2)→ 0.

Let A be an abelian group. Consider the Hurewiz homomorphism
h∗ : π∗(ΣK(A, 1))→ H˜∗(ΣK(A, 1)) = H˜∗−1(K(A, 1)) = H˜∗−1(A).
Sine H∗(K(A, 1)) is graded ommutative ring, the inlusion
A = H1(K(A, 1)) ⊂ ✲ H∗(K(A, 1))
indues a ring homomorphism
λ : Λ(A) −→ H∗(K(A, 1)).
By [10, Theorem 19.3℄, λ is a monomorphism and so we may onsider Λn(A) ⊆ Hn(K(A, 1)) =
Hn(A).
Lemma 2.2. For every abelian group A, the Hurewiz image
Im(hn+1 : πn+1(ΣK(A, 1))→ Hn(A))
ontains the subgroup Λn(A).
Proof. From the naturality, it sues to show that the statement holds for a free abelian
group A.
When A is a free abelian group, then K(A, 1) is a (weak) Cartesian produt of the
irles. Thus ΣK(A, 1) is a wedge of spheres from the suspension splitting that
ΣX × Y ≃ ΣX ∨ ΣY ∨ ΣX ∧ Y
and so the Hurewiz homomorphism indues an epimorphism
h∗ : πn+1(ΣK(A, 1)) ✲✲ Hn(A) = Λ
n(A)
for a free abelian group A. This nishes the proof. 
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2.4. Carlsson onstrution. Let G∗ be a simpliial group and X a pointed simpliial
set with a base point ∗. Consider the simpliial group FG∗(X) dened as
FH(X)n =
∐
x∈Xn
(Gn)x,
i.e. in eah degree FG∗(X)n is the free produt of groups Gn numerated by elements of Xn
modulo (Gn)∗, with the anonial hoie of fae and degeneray morphisms. It is proved
in [7℄ that the geometri realization |FG∗(X)| is homotopy equivalent to the loop spae
Ω(|X| ∧B|G|). The main example we will onsider is the simpliial irle X = S1 with
S10 = {∗}, S
1
1 = {∗, σ}, S
1
2 = {∗, s0σ, s1σ}, . . . , S
1
n = {∗, x0, . . . , xn},
where xi = sn . . . sˆi . . . s0σ and the simpliial group G∗ with Gn = G for a given group G,
with identity homomorphisms as all fae and degeneray maps. In this ase we use the
notation FG(X) = FG∗(X). One has a homotopy equivalene
|FG(S1)| ≃ ΩΣK(G, 1).
The group FG(S1)n is the n-fold free produt of G:
FG(S1)1 = G, F
G(S1)2 = G ∗G, F
G(S1)3 = G ∗G ∗G, . . .
We an formally identify G ∗G with s0G ∗ s1G, G ∗G ∗G with s1s0G ∗ s2s0G ∗ s2s1G, et,
and to dene naturally the fae and degeneray maps:
FG∗(S1) : . . .
−→. . .
−→←−. . .
←−
G ∗G ∗G
−→−−→−←−←−−
G ∗G
−→−→−←−←−
G.
Remark. Consider the seond term FG(S1)2 = G ∗ G and fae morphisms d0, d1, d2 :
G ∗G = s0(G) ∗ s1(G)→ G dened as
d0 :
{
s0(g) 7→ g
s1(g) 7→ 1
, d1 :
{
s0(g) 7→ g
s1(g) 7→ g
, d2 :
{
s0(g) 7→ 1
s1(g) 7→ g
.
There is a natural ommutative diagram
π3(ΣK(G, 1))
≃

  // G⊗G //
f

G // //
≃

Gab
≃

π3(ΣK(G, 1))
  // (ker(d1) ∩ ker(d2))/B2 // G // // Gab
(2.5)
where B2 is the 2-boundary subgroup of G ∗G and the map f is dened as
1
f(g ⊗ h) = [s0(g)s1(g)
−1, s0(h)].B2.
There is a natural desription of the 2-boundary (see [11℄, for example):
B2 = [ker(d0), ker(d1) ∩ ker(d2)][ker(d1), ker(d2) ∩ ker(d0)][ker(d2), ker(d0) ∩ ker(d1)].
Diagram (2.5) implies that f is a natural isomorphism.
1
We use the standard ommutator relations: [g, h] = g−1h−1gh
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In the ase G = Z, the simpliial group FG(S1) is idential to the Milnor onstrution
F (S1), with F (S1)n a free group of rank n, for n ≥ 1 :
F (S1) : . . .
−→. . .
−→←−. . .
←−
F3
−→−−→−←−←−−
F2
−→−→−←−←−
Z.
In this ase there is a homotopy equivalene
|F (S1)| ≃ ΩS2
and the onstrution F (S1) provides a ombinatorial model for the omputation of ho-
motopy groups of the 2-sphere S2. The onstrution F (S1) was studied from the group-
theoretial point of view in [21℄. It is easy to nd the simpliial generators of the homotopy
lasses of πi(F (S
1)) = πi+1(S
2) for i = 3, 4, 5. In order to nd these simpliial generators,
onsider the sequene of maps between Milnor simpliial onstrutions F (S4)→ F (S3)→
F (S2)→ F (S1) suh that the indued homomorphisms Z = π2(F (S
2))→ π2(F (S
1)) = Z
and Z = π3(F (S
3)) → π3(F (S
2)) = Z/2 are epimorphisms and dene the homotopy
lasses of π3(S
2) and π4(S
3) respetively.
F (S3)4
−→. . .
−→←−. . .
←−
Z
↓ ↓ η2
F (S2)4
−→. . .
−→←−. . .
←−
F (S2)3
−→−−→−←−←−−
Z
↓ ↓ ↓ η
F (S1)4
−→. . .
−→←−. . .
←−
F (S1)3
−→−→−−→←−←−←−
F (S1)2
−→−−→←−←−
Z
For n ≥ 3, the homotopy lass of πn(S
n−1) dened as πn−1(F (S
n−2)) is generated by
[s0(σn−2), s1(σn−2)] in F (S
n−2)n−1 (see [21℄), where σn−2 is a generator of F (S
n−2)n−2 = Z.
That is, we an dene the simpliial suspension maps ηi : F (Si+1)i+1 → F (S
i)i+1 by
ηi : σi+1 → [s0(σi), s1(σi)], i ≥ 1.
Sine the generators of πi(S
2) are presented by suspensions over Hopf bration for i =
3, 4, 5, the simpliial generators of πi(F (S
1)), i = 2, 3, 4 are given by the following ele-
ments:
w2(x0, x1) = [x0, x1] (2.6)
w3(x0, x1, x2) = [[x0, x2], [x0, x1]] (2.7)
w4(x0, x1, x2, x3) = [[[x0, x3], [x0, x1]], [[x0, x2], [x0, x1]]]. (2.8)
Here we use the natural notations xj := si . . . sˆj . . . s0(σ1), j = 0, . . . , i for the basis
elements in F (S1)i+1
2
.
2
One an ontinue the proess of onstrution of elements wn+1(x0, . . . , xn) by the following law:
wn+1(x0, . . . , xn) = [wn(x0, . . . , xˆn−1, xn), wn(x0, . . . , xn−1)]. In this ase, the 16-ommutator braket
w5(x0, . . . , x4) orresponds to the element of order 2 in pi6(S
2), but the 32-ommutator braket
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2.5. Spetral sequene. Consider an abelian group A and its two-step at resolution
0→ A1 → A0 → A→ 0.
By Dold-Kan orrespondene, we obtain the following free abelian simpliial resolution
of A:
N−1(A1 →֒ A0) : . . .
−→−−→←−←−
A1 ⊕ s0(A0)
−→−→←− A0.
Applying Carlsson onstrution to the resolution N−1(A1 →֒ A0), we obtain the follow-
ing bisimpliial group:
FN
−1(A1 →֒A0)2(Sn)3
−→−→−→−←−−←−
FN
−1(A1 →֒A0)2(Sn)2
−→−→−←−−
N−1(A1 →֒ A0)2
↓↓↓↑↑ ↓↓↓↑↑ ↓↓↓↑↑
FA1⊕s0(A0)(Sn)3
−→−→−−→←−←−←−
FA1⊕s0(A0)(Sn)2
−→−−→←−←−
A1 ⊕ s0(A0)
↓↓↑ ↓↓↑ ↓↓↑
FA0(Sn)3
−→−→−−→←−←−−
FA0(Sn)2
−→−−→←−←−
A0
Here the mth horizontal simpliial group is Carlsson onstrution FN
−1(A1 →֒A0)m(Sn). By
the result of Quillen [15℄, we obtain the following spetral sequene:
E2p,q = πq(πp(Σ
nK(N−1(A1 →֒ A0), 1)) =⇒ πp+q(Σ
nK(A, 1)). (2.9)
Consider now a non-abelian analog of this spetral sequene, for n = 1. Suppose now
that a group G is arbitrary, not neessary abelian. Consider a simpliial resolution of G:
G• → G,
i.e. G• is a simpliial group with π0(G•) = G, πi(G•) = 0, i > 0. Consider the following
bisimpliial group
G2 ∗G2 ∗G2
−→−→−→−←−−←−
G2 ∗G2
−→−→−←−−
G2
↓↓↓↑↑ ↓↓↓↑↑ ↓↓↓↑↑
G1 ∗G1 ∗G1
−→−→−−→←−←−←−
G1 ∗G1
−→−−→←−←−
G1
↓↓↑ ↓↓↑ ↓↓↑
G0 ∗G0 ∗G0
−→−→−−→←−←−−
G0 ∗G0
−→−−→←−←−
G0
Again, by the result of Quillen [15℄, we obtain the following spetral sequene:
E2p,q = πq(πp(ΣK(G•, 1))) =⇒ πp+q(ΣK(G, 1)). (2.10)
w6(x0, . . . , x5) lies in the simpliial boundary subgroup BF (S
1)6 (see [10℄). The onstrution of a simpli-
ial generator of the 3-torsion in pi6(S
2) is more triky: it is possible to nd its simpliial representative
whih is a produt of six brakets of the ommutator weight six.
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If G• is a free simpliial resolution, the spetral sequene (2.10) ontains a lot of anonial
dierentials of a ompliated nature:
H4(G)




















π2(L
3
s((G•)ab)⊕ Γ2((G•)ab)⊗ Z/2) π2(Γ2((G•)ab)) H3(G)




















π1(L
3
s((G•)ab)⊕ Γ2((G•)ab)⊗ Z/2) π1(Γ2((G•)ab)) H2(G)
L
3
s(Gab)⊕ Γ2(Gab)⊗ Z/2 Γ2(Gab) Gab
3. On group π4(ΣK(A, 1))
3.1. The group π4(ΣK(A, 1)) for an abelian group A. Let A be an abelian group.
Consider the homotopy ommutative diagram of bre sequenes
ΣK(A, 1) ∧K(A, 1)
H ✲ ΣK(A, 1) ✲ K(A, 2) = BK(A, 1)
pull
ΣK(A, 1) ∧K(A, 1)
wwwwwwwww
f✲ K(A, 2) ∨K(A, 2)
❄
⊂ ✲ K(A, 2)×K(A, 2),
∆
❄
(3.1)
where H is the Hopf bration. Thus we have the following lemma:
Lemma 3.1. There are isomorphisms
πn(ΣK(A, 1) ∧K(A, 1)) ∼= πn(ΣK(A, 1)) ∼= πn(K(A, 2) ∨K(A, 2))
for n ≥ 3. In partiular, π3(ΣK(A, 1)) ∼= π3(ΣK(A, 1) ∧K(A, 1)) ∼= A⊗A. 
By Lemma 2.1, the lower homology of the wedge K(A, 2) ∨K(A, 2) are the following:
Lemma 3.2.
H2(K(A, 2) ∨K(A, 2)) = A⊕A,
H3(K(A, 2) ∨K(A, 2)) = 0,
H4(K(A, 2) ∨K(A, 2)) = Γ2(A)⊕ Γ2(A),
H5(K(A, 2) ∨K(A, 2)) = R2(A)⊕ R2(A).

Lemma 3.3. The Hurewiz image
hn : πn(K(A, 2) ∨K(A, 2)) −→ Hn(K(A, 2) ∨K(A, 2))
is zero for n ≥ 3.
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Proof. The assertion follows from the ommutative diagram
πn(K(A, 2) ∨K(A, 2))
hn✲ Hn(K(A, 2) ∨K(A, 2))
πn(K(A, 2)×K(A, 2)) = 0
❄
hn✲ Hn(K(A, 2)×K(A, 2)).
❄
∩

Theorem 3.1. Let A be any abelian group. Then there is a natural short exat sequene
(Λ2(A)⊗A)⊕2 ⊕A⊗A⊗ Z/2 ⊂ ✲ π4(ΣK(A, 1)) ✲✲ Tor(A,A).
Moreover (Λ2(A)⊗A)⊕2 is an (unnatural) summand of π4(ΣK(A, 1)).
Proof. Let X = K(A, 2) ∨K(A, 2) and let Y = K(A, 2)×K(A, 2) = K(A⊕ A, 2). From
Lemmas 3.2 and 3.3, there is a short exat sequene
R2(A)⊕R2(A) ⊂ ✲ Γ4(X) ✲✲ π4(X).
The inlusion j : X = K(A, 2) ∨K(A, 2) ⊂ ✲ Y = K(A, 2)×K(A, 2) indues a ommu-
tative diagram
H5(X) = R2(A)⊕ R2(A) ⊂ ✲ Γ4(X) ✲✲ π4(X)
H5(Y ) = R2(A⊕A)
j∗
❄
∩
∼=
φ
✲ Γ4(Y )
j∗
❄
✲ π4(Y ) = 0.
j∗
❄
(3.2)
By formula (2.1),
H5(K(A, 2)×K(A, 2)) = H5(K(A⊕A, 2)) = R2(A)⊕R2(A)⊕ Tor(A,A)
and so the okernel of j∗ : H5(X) → H5(Y ) is Tor(A,A). On the other hand, from
Theorem 2.2(1), there is a ommutative diagram of short exat sequenes
Γ22(X)
⊂ ✲ Γ4(X) ✲✲ R2(π2(X)) = R2(A⊕ A)
Γ22(Y )
❄
⊂ ✲ Γ4(Y )
j∗
❄
ψ✲✲ R2(π2(Y )) = R2(A⊕A).
∼=
❄
The omposite
ψ ◦ φ : R2(A⊕ A)
∼=
φ
✲ Γ4(Y ) ψ
✲✲ R2(A⊕ A)
is a natural self epimorphism for any abelian group A. It is an isomorphism for any nitely
generated abelian A and so an isomorphism for any abelian group A by onsidering the
diret limit. Thus j∗ : Γ4(X)→ Γ4(Y ) is an epimorphism and, from diagram (3.2), there
is a short exat sequene
Γ22(X)
⊂ ✲ π4(X) ✲✲ Tor(A,A). (3.3)
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Let Z = ΣK(A, 1)∧K(A, 1) and let f : Z → X be the map in diagram (3.1). Consider
the ommutative diagram
π3(Z)⊗ Z/2 = Γ
2
2(Z)
⊂
∼=✲ Γ4(Z) ✲ π4(Z) ✲ H4(Z) ✲ Γ3(Z) = 0
Γ22(X)
f∗
❄
⊂ ✲ Γ4(X)
f∗
❄
✲✲ π4(X),
f∗ ∼=
❄
(3.4)
where Γ22(Z) → Γ4(Z) is an isomorphism beause its okernel R2(π2(Z)) = 0. From the
denition (2.4) of the funtor Γ22,
f∗ : Γ
2
2(Z) −→ Γ
2
2(X)
is a monomorphism with retrating homomorphism φ′ : Γ22(X) → Γ
2
2(Z). By the short
exat sequene (3.3), Γ4(Z) → π4(Z) is a monomorphism and so there is a short exat
sequene
A⊗ A⊗ Z/2 = Γ4(Z) ⊂ ✲ π4(Z) ✲✲ H4(Z) = H3(K(A, 1) ∧K(A, 1)). (3.5)
Note that H1(K(A, 1)) = A and H2(K(A, 1)) = Λ
2(A). By the Kunneth theorem, there
is a natural short exat sequene
(A⊗ Λ2(A))⊕2 ⊂ ✲ H4(Z)
ψ′✲✲ Tor(A,A).
Consider the omposite
θA : Γ
2
2(X) = Γ
2
2(Γ2(A⊕A)→ A⊗A)
⊂ ✲ π4(X)
f−1∗✲ π4(Z) ✲✲ H4(Z)
ψ′✲✲ Tor(A,A),
whih is natural on any abelian group A. If A is a free abelian group, then θA = 0. For
any abelian group A, hoose any free abelian group A0 with an epimorphism g : A0 ։ A.
From the denition (2.4) of Γ22,
Γ22(g) : Γ
2
2(Γ2(A0 ⊕A0)→ A0 ⊗ A0) −→ Γ
2
2(Γ2(A⊕ A)→ A⊗ A)
is an epimorphism. By the naturality of θA, we have θA = 0 beause θA0 = 0. Now, from
diagram (3.4), there is a ommutative diagram of natural short exat sequenes
A⊗ A⊗ Z/2 === A⊗A⊗ Z/2
Γ22(X)
	
❄
∩
⊂ ✲ π4(ΣK(A, 1))
❄
∩
✲✲ Tor(A,A)
(A⊗ Λ2(A))⊕2
❄❄
⊂ ✲ H4(Z)
❄❄
✲✲ Tor(A,A).
∼=
❄
It follows that there is a natural (on A) isomorphism
Γ22(X)
∼= A⊗ A⊗ Z/2⊕ (A⊗ Λ2(A))⊕2.
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Sine (A⊗Λ2(A))⊕2 is an (unnatural) summand of H4(Z), it is an (unnatural) summand
of π4(ΣK(A, 1)). The proof is nished. 
Corollary 3.1. Let p be an odd prime integer. Then
π4(ΣK(Z/p
r, 1)) = Z/pr
and the Hurewiz homomorphism
π4(ΣK(Z/p
r, 1))→ H4(ΣK(Z/p
r, 1))
is an isomorphism.
Proof. In this ase, A⊗A⊗ Z/2 = 0. Sine Z/pr is yli, Λ2(A)⊗A = 0 and hene the
result. 
For ompletely determining the group π4(ΣK(A, 1)), we have to onsider the divisibility
problem of the elements in the subgroup A⊗A⊗Z/2 = Γ4(Z) ⊆ π4(ΣK(A, 1)) = π4(Z).
We solve this problem for any nitely generated abelian group A.
Lemma 3.4. Let A be any abelian group and let j : M(A, 1) → K(A, 1) be a map suh
that j∗ : H1(M(A, 1)) → H1(K(A, 1)) is an isomorphism. Then there is an (unnatural)
splitting exat sequene
π4(ΣM(A, 1) ∧M(A, 1)) ⊂
x
(Σj∧j)∗
✲ π4(ΣK(A, 1) ∧K(A, 1))
x✲✲ (A⊗ Λ2(A))⊕2.
Proof. Let X = ΣM(A, 1) ∧ M(A, 1) and let Z = ΣK(A, 1) ∧ K(A, 1). The assertion
follows from the ommutative diagram of short exat sequenes
Γ4(X) ⊂ ✲ π4(X) ✲✲ H4(X) = Tor(A,A)
Γ4(Z)
∼=
❄
⊂ ✲ π4(Z)
❄
✲✲ H4(Z),
❄
∩
where the bottom row is short exat by equation (3.5). 
Given a nitely generated abelian group A, let
A = A1 ⊕
⊕
r ≥ 1
p is a prime
Apr
be the primary deomposition of A, where A1 is torsion free and Apr is a free Z/p
r
-module.
Theorem 3.2. Let A be any nitely generated abelian group. Let A = A2 ⊕ B with
B = A1 ⊕
⊕
pr 6=2Apr . Then
π4(ΣK(A, 1)) ∼=
1
2
(A2 ⊗ A2)⊕ (A2 ⊗B)
⊕2 ⊕B⊗2 ⊗ Z/2⊕ (A⊗ Λ2(A))⊕2
⊕Tor(A2, B)
⊕2 ⊕ Tor(B,B),
where
1
2
(A2 ⊗ A2) is a free Z/4-module with rank of dimZ/2(A2 ⊗ A2).
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Proof. Let X = ΣM(A, 1) ∧M(A, 1). By Lemma 3.4, it sues to show that
π4(X) ∼=
1
2
(A2 ⊗ A2)⊕ (A2 ⊗B)
⊕2 ⊕ B⊗2 ⊗ Z/2⊕ Tor(A2, B)
⊕2 ⊕ Tor(B,B).
Observe that there is a homotopy deomposition
X ≃
∨
r, s ≥ 0
p, q prime
ΣM(Apr , 1) ∧M(Aqs , 1),
where we allow r, s to be 0 for having the fator A1 to be appeared. Thus there is a
deomposition
π4(X) ∼=
⊕
r, s ≥ 0
p, q prime
π4(ΣM(Apr , 1) ∧M(Aqs , 1)). (3.6)
Let r, s ≥ 1 and let p and q be positive prime integers. From [13, Corollary 6.6℄, there is
a homotopy deomposition
ΣM(Z/pr, 1) ∧M(Z/qs, 1)
≃
{
∗ if p 6= q,
M(Z/pmin{r,s}, 3) ∨M(Z/pmin{r,s}, 4) if p = q and max{pr, qs} > 2.
(3.7)
By taking π4 to above deomposition, we have
π4(ΣM(Z/p
r, 1) ∧M(Z/qs, 1)) ∼= Z/pr ⊗ Z/qs ⊗ Z/2⊕ Tor(Z/2r,Z/2s) (3.8)
if max{pr, qs} > 2. Clearly this formula also holds for the ase where pr = 1 or qs = 1.
For the ase pr = qs = 2, we laim that
π4(ΣM(Z/2, 1) ∧M(Z/2, 1))) = Z/4. (3.9)
Let Y = ΣM(Z/2, 1) ∧M(Z/2, 1). From the short exat sequene
Γ4(Y ) = Z/2 ⊂ ✲ π4(Y ) ✲✲ H4(Y ) = Z/2,
the group π4(Y ) = Z/4 or Z/2 ⊕ Z/2. Suppose that π4(Y ) = Z/2 ⊕ Z/2. Then there
exists an element α ∈ π4(Y ) of order 2 whih has the nontrivial Hurewiz image. Sine α
is of order 2, the map α : S4 → Y extends to a map α˜ : M(Z/2, 4)→ Y with
α˜∗ : H4(M(Z/2, 4)) −→ H4(Y )
an isomorphism. Let
j : M(Z/2, 3) −→ Y
be the anonial inlusion. Then j∗ : H3(M(Z/2, 3))→ H3(Y ) is an isomorphism. Then
(j, α˜) : M(Z/2, 3) ∨M(Z/2, 4) −→ Y
is a homotopy equivalene beause it indues an isomorphism on homology, whih on-
tradits that the Steenrod operation Sq2 : H3(Y ;Z/2)→ H5(Y ;Z/2) is an isomorphism.
Thus π4(Y ) = Z/4.
Now the assertion follows from deomposition (3.6) and the omputational formu-
lae (3.8) and (3.9). 
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Corollary 3.2. Let A2 be any elementary 2-group. Then there is a natural short exat
sequene
(A2 ⊗ Λ
2(A2))
⊕2 ⊂ ✲ π4(ΣK(A2, 1)) ✲✲
1
2
(A2 ⊗A2),
where
1
2
(A2 ⊗ A2) is a free Z/4-module. Moreover this splits o unnaturally.
Proof. By Theorem 3.1, there is a natural short exat sequene
(A2 ⊗ Λ
2(A2))
⊕2 ⊂ ✲ π4(ΣK(A2, 1)) ✲✲ π4(ΣK(A2, 1))/(A2 ⊗ Λ
2(A2))
⊕2.
By Theorem 3.2, the quotient group π4(ΣK(A2, 1))/(A2 ⊗ Λ
2(A2))
⊕2
is free Z/4-module
for any nite dimensional elementary 2-groups. The assertion follows by taking diret
limits. 
Remark 3.1. The summand
1
2
(A2 ⊗ A2) is sub-quotient funtor of π4(ΣK(A, 1)) on A
in the following sense. For any abelian group A, the Z/2-omponent A2 is given by the
image of
Sq1∗ : H2(A;Z/2) −→ H1(A;Z/2).
Thus A 7→ A2 is a sub funtor of the identity funtor on abelian groups. Then π4(ΣK(A2, 1))
is a sub funtor of π4(ΣK(A, 1)) on A and so
1
2
(A2 ⊗ A2) = π4(ΣK(A2, 1))/(A2 ⊗ Λ
2(A2))
⊕2
is a sub-quotient funtor of π4(ΣK(A, 1)) on A.
3.2. Appliations. As an appliation, we ompute πi(M(Z/p
r, 2)) for i ≤ 4. By the
Hurewiz Theorem, π2(M(Z/p
r, 2)) = Z/pr. From the Whitehead exat sequene (2.2),
we have
Γn(M(Z/p
r, 2)) = πn(M(Z/p
r, 2)) (3.10)
for r ≥ 3 beause Hi(M(Z/p
r, 2) = 0 for i ≥ 3. It follows diretly that
π3(M(Z/p
r, 2)) = Γ3(M(Z/p
r, 2)) = Γ2(Z/p
r) =
{
Z/pr if p > 2,
Z/2r+1 if p = 2,
(3.11)
where Γ2(A) is omputed in Example 2.1. From Theorem 2.2 (1), there is a short exat
sequene
Γ22(M(Z/p
r, 2)) ⊂ ✲ Γ4(M(Z/p
r, 2)) ✲✲ R2(π2(M(Z/p
r, 2))) = R2(Z/p
r).
From Subsetion 2.2,
R2(Z/p
r) =
{
0 if p > 2,
Z/2 if p = 2.
By the denition (2.4) of the funtor Γ22, the group Γ
2
2(M(Z/p
r, 2)) is given by the push-out
Γ2(Z/p
r)⊗ (Z/pr ⊕ Z/2)
q⊕id✲ L3s(Z/p
r)⊕ Γ2(Z/p
r)⊗ Z/2
π3(M(Z/p
r, 2))⊗ (Z/pr ⊕ Z/2)
∼= η1⊗id
❄
✲ Γ22(M(Z/p
r, 2)).
❄
Thus
Γ22(M(Z/p
r, 2)) ∼= L3s(Z/p
r)⊕ Γ2(Z/p
r)⊗ Z/2.
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Sine Z/pr is yli and L3s(A) is isomorphi to the kernel of A⊗Λ
2(A)→ Λ3(A), we have
L3s(Z/p
r) = 0
and so
Γ22(M(Z/p
r, 2)) =
{
0 if p > 2,
Z/2 if p = 2.
A diret onsequene is:
π4(ΣM(Z/p
r, 2)) = 0 for p > 2. (3.12)
For the ase p = 2, we have the short exat sequene
Z/2 ⊂ ✲ π4(M(Z/2
r, 2)) ✲✲ Z/2.
The remaining problem is to deide whether π4(M(Z/2
r, 2)) is equal to Z/2 ⊕ Z/2 or
Z/4. It has been omputed in [22℄ that π4(M(Z/2, 2)) = Z/4. For r > 1, the group
π4(M(Z/2
r, 2)) seems not reorded in referenes. We are going to determine the group
π4(M(Z/2
r, 2)) using our methods.
Lemma 3.5. Let
j : M(Z/2r, 2) −→ ΣK(Z/2r, 1)
be the anonial map induing isomorphism on H2. Then
j∗ : Γ4(M(Z/2
r, 2)) −→ Γ4(ΣK(Z/2
r, 1))
is an isomorphism.
Proof. By Theorem 2.2(1), there is a ommutative diagram of short exat sequenes
Γ22(M(Z/2
r, 2)) = Z/2 ⊂✲ Γ4(M(Z/2
r, 2)) ✲✲ R2(Z/2
r) = Z/2
Γ22(K(Z/2
r, 2))
j∗
❄
⊂ ✲ Γ4(K(Z/2
r, 2))
j∗
❄
✲✲ R2(Z/2
r) = Z/2
∼= j∗
❄
From the Whitehead exat sequene
Γ3(Z/2
r) = Z/2r+1 → π3(ΣK(Z/2
r, 1)) = Z/2r ⊗ Z/2r = Z/2r → 0,
we have
η1 ⊗ id : Γ2(Z/2
r)⊗ (Z/2r ⊕ Z/2) −→ π3(K(Z/2
r, 2))⊗ (Z/2r ⊕ Z/2)
is an isomorphism. Similar to the omputation of Γ22(M(Z/2
r, 2)), we have
Γ22(K(Z/2
r, 2)) = Z/2
with an isomorphism j∗ : Γ
2
2(M(Z/2
r, 2)) ∼= Γ22(K(Z/2
r, 2)). The assertion then follows
by 5-lemma. 
Lemma 3.6. The group
Γ4(ΣK(Z/2
r, 1)) =
{
Z/2⊕ Z/2 if r > 1,
Z/4 if r = 1.
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Proof. Let Z = ΣK(Z/2r, 1)∧K(Z/2r, 1) and let H : Z → ΣK(Z/2r, 1) be the Hopf map.
From equation (3.5), there is a ommutative diagram of exat sequene
Γ4(Z) = Z/2 ⊂ ✲ π4(Z) ✲✲ H4(Z) = Z/2
r
Γ4(ΣK(Z/2
r, 1))
H∗
❄
⊂✲ π4(ΣK(Z/2
r, 1))
∼= H∗
❄
✲ H4(ΣK(Z/2
r, 1)),
H∗
❄
where the bottom row is left exat beause H5(ΣK(Z/2
r, 1)) = H4(Z/2
r) = 0.
If r > 1, then Γ4(Z) is a summand of π4(Z) ∼= π4(ΣK(Z/2
r, 1)) by Theorem 3.2. Thus
Γ4(Z) = Z/2 is also a summand of Γ4(ΣK(Z/2
r, 1)). It follows that
Γ4(ΣK(Z/2
r, 1)) = Z/2⊕ Z/2 if r > 1.
If r = 1, by Corollary 3.2, π4(ΣK(Z/2, 1)) = Z/4 and so
Γ4(ΣK(Z/2, 1)) ∼= π4(ΣK(Z/2
r, 1)) = Z/4.
The proof is nished. 
Sine Γ4(ΣK(Z/2
r, 1)) → π4(ΣK(Z/2
r, 1)) is a monomorphism, from Lemmas 3.5
and 3.6, we have the following:
Corollary 3.3. Let
j : M(Z/2r, 2) −→ ΣK(Z/2r, 1)
be the anonial map induing isomorphism on H2. Then
(1) π4(M(Z/2, 2)) = Z/4 and
j∗ : π4(M(Z/2, 2))→ π4(ΣK(Z/2, 1))
is an isomorphism.
(2) For r > 1, π4(M(Z/2
r, 2)) = Z/2⊕ Z/2 and
j∗ : π4(M(Z/2
r, 2)) = Z/2⊕ Z/2→ π4(ΣK(Z/2
r, 1)) = Z/2⊕ Z/2r
is a monomorphism. 
Note that M(Z/2, 2) = ΣRP2 and ΣK(Z/2, 1) = ΣRP∞ with the anonial inlusion
j : ΣRP2 →֒ ΣRP∞. A onsequene of Corollary 3.3 (1) on the suspended projetive
spaes are as follows.
Corollary 3.4. Let j : ΣRP2 → ΣRPn be the anonial inlusion with 3 ≤ n ≤ ∞.
(1) For 4 ≤ n ≤ ∞, j∗ : π4(ΣRP
2) = Z/4→ π4(ΣRP
n) is an isomorphism.
(2) For n = 3, j∗ : π4(ΣRP
2) = Z/4 → π4(ΣRP
3) is a splitting monomorphism.
Moreover
π4(ΣRP
3) ∼= π4(ΣRP
2)⊕ Z = Z/4⊕ Z.
Proof. Assertion (1) and the rst part of assertion (2) are diret onsequenes of Corol-
lary 3.3. For the seond part of assertion (2), notie that RP3 = SO(3). From the
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ommutative diagram
π4(ΣSO(3) ∧ SO(3))
∼=✲ π4(ΣRP
∞ ∧ RP∞)
π4(ΣSO(3))
H∗
❄
✲ π4(ΣRP
∞),
∼= H∗
❄
we have
π4(ΣSO(3)) ∼= π4(ΣSO(3) ∧ SO(3))⊕ π4(BSO(3))
∼= π4(ΣRP
∞)⊕ π3(SO(3))
∼= Z/4⊕ Z
and hene the result. 
Another onsequene is as follows:
Corollary 3.5. Let Σ3 be the third symmetri group. Then π4(ΣK(Σ3, 1)) = Z/12.
Proof. Reall that the integral homology groups of Σ3 are 4-periodi with the following
initial terms:
H1(Σ3) = Z/2, H2(Σ3) = 0, H3(Σ3) = Z/6, H4(Σ3) = 0.
Let X = ΣK(Σ3, 1). The Whitehead exat sequene has the following form:
Γ4(X) ⊂ ✲ π4(X) ✲ H3(Σ3) = Z/6 ✲ Γ3(X) = Z/4 ✲✲ π3(X) = Z/2.
The inlusion Σ2 = Z/2→ Σ3 indues an isomorphism
πi(ΣK(Z/2, 1)) = Z/2
∼=✲ πi(ΣK(Σ3, 1)) = Z/2
for i = 2, 3. By Theorem 2.2 (1) together with Lemma 3.6, the inlusion Σ2 = Z/2→ Σ3
indues an
Γ4(ΣK(Z/2, 1)) = Z/4
∼=✲ Γ4(ΣK(Σ3, 1))
and hene the result. 
4. On group π5(ΣK(A, 1))
4.1. Some Properties of the Funtor A 7→ π5(ΣK(A, 1)). From Hopf bration
ΣK(A, 1) ∧K(A, 1) ✲ ΣK(A, 1) ✲ K(A, 2),
it sues to ompute π5(ΣK(A, 1) ∧K(A, 1)). Let Z = ΣK(A, 1) ∧K(A, 1). Sine Z is
2-onneted, from Theorem 2.2(2), there are natural exat sequenes
π4(ΣK(A, 1))⊗ Z/2⊕ Λ
2(A⊗A)
 _

H6(Z) // Γ5(Z) //

π5(Z) // // H5(Z),
Tor(A⊗A,Z/2)
(4.1)
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where π5(Z) → H5(Z) is onto by equation (3.5). The group π4(ΣK(A, 1)) has been
determined by Theorems 3.1 and 3.2.
Proposition 4.1. Let A be a free abelian group. Then there is a natural short exat
sequene
(Λ2(A)⊗A⊗Z/2)⊕2⊕A⊗2⊗Z/2⊕Λ2(A⊗A) →֒ π5(ΣK(A, 1))։ (Λ
3(A)⊗A)⊕2⊕Λ2(A)⊗2.
Proof. Sine A is a free abelian group, the Hurewiz homomorphism h∗ : π∗(Z)→ H˜∗(Z)
is onto beause Z is a wedge of spheres. Thus there is a short exat sequene
Γ5(Z) ⊂ ✲ π5(Z) ✲✲ H5(Z).
By Theorem 3.1, π4(Z) ∼= (Λ
2(A)⊗A)⊕2 ⊕A⊗A⊗ Z/2 for a free abelian group A. The
assertion follows from diagram (4.1). 
Proposition 4.2. If A is a torsion abelian group with the property that 2: A→ A is an
isomorphism, then there is a natural short exat sequene
Λ2(A⊗ A) ⊂ ✲ π5(ΣK(A, 1)) ✲✲ H4(K(A, 1) ∧K(A, 1)).
Proof. It sues to show that the Hurewiz homomorphism h∗ : π6(Z)→ H6(Z) is onto.
We may assume that A is nitely generated beause we an take diret limit for general
ase whene the nitely generated ase is proved. Then A is a diret sum of the primary
p-torsion groups Z/pr for some r ≥ 1 and odd primes p. Aording to [12℄, there is
homotopy deomposition
ΣK(Z/pr, 1) ≃ X1 ∨ · · · ∨Xp−1,
where H¯q(Xi;Z) 6= 0 if and only if q ≡ 2i mod 2p− 2. Together with the deomposition
formula (3.7) for the smash produt of Moore spaes, up to 6-skeleton, ΣK(A, 1)∧K(A, 1)
is homotopy equivalent to a wedge of spheres and Moore spaes. It follows that the
Hurewiz homomorphism
π6(ΣK(A, 1) ∧K(A, 1)) −→ H6(ΣK(A, 1) ∧K(A, 1))
is onto and hene the result. 
From the above proof, we also have the following:
Proposition 4.3. Let A be any abelian group. Let Z 1
2
= {m
2r
∈ Q | m ∈ Z, r ≥ 0}. Then
there is natural short exat sequene
Λ2(A⊗ A)⊗ Z 1
2
⊂ ✲ π5(ΣK(A, 1))⊗ Z 1
2
✲✲ H4(K(A, 1) ∧K(A, 1))⊗ Z 1
2
.

For omputing the group π5(ΣK(A, 1)), as one see from the above, the triky part
is the 2-torsion. Whene A ontains 2-torsion summands, the Hurewiz homomorphism
π6(Z) → H6(Z) is no longer epimorphism in general and so Γ5(Z) → π5(Z) is not a
monomorphism in general. Also the group π5(Z) in diagram (4.1) admits non-trivial
extension. The omputation of the group π5(ΣK(A, 1)) for nitely generated abelian
groups A an be given by the following steps:
Step 1. Take a primary deomposition of A and write K(A, 1) as a produt of opies of
S1 = K(Z, 1) and K(Z/pr, 1).
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Step 2. By using the fat that ΣX × Y ≃ ΣX ∨ ΣY ≃ ΣX ∧ Y for any spaes X and Y ,
one gets
Σ(X1 ×X2) ∧ (X1 ×X2) ≃ Σ(X1 ∨X2 ∨X1 ∧X2) ∧ (X1 ∨X2 ∨X1 ∧X2)
≃ Σ(X∧21 ∨X
∧2
2 ∨X
∧2
1 ∧X
∧2
2 ∨
2∨
X1 ∧X2 ∨
2∨
X∧21 ∧X2 ∨
2∨
X1 ∧X
∧2
2 ).
From this, ΣK(A, 1) ∧ K(A, 1) is then homotopy equivalent to a wedge of the
spaes in the form
X = ΣmK(Z/pr11 , 1) ∧K(Z/p
r2
2 , 1) ∧ · · · ∧K(Z/p
rt
t , 1)
with m+ t ≥ 3 and m ≥ 1.
Step 3. By applying the Hilton-Milnor Theorem, we have
Ω(ΣX ∨ ΣY ) ≃ ΩΣX × ΩΣY × ΩΣ((ΩΣX) ∧ (ΩΣY ))
≃ ΩΣX × ΩΣY × ΩΣ
(∨∞
i,j=1X
∧i ∧ Y ∧j
)
.
Thus
πn(ΣX ∨ ΣY ) ∼= πn(ΣX)⊕ πn(ΣY )⊕ πn
(
∞∨
i,j=1
ΣX∧i ∧ Y ∧j
)
.
Note that the onnetivity of X∧i ∧ Y ∧j tends to ∞ as i, j → ∞. By repeating
the above proedure, πn(ΣK(A, 1) ∧ K(A, 1)) is isomorphism to a diret sum of
the groups πn(X) with X given in the form above.
Notie that
ΣmK(Z/pr11 , 1) ∧K(Z/p
r2
2 , 1) ∧ · · · ∧K(Z/p
rt
t , 1) ≃ ∗
if the primes pi 6= pj for some i 6= j. Thus we only need to ompute
π5(Σ
mK(Z/pr1 , 1) ∧K(Z/pr2 , 1) ∧ · · · ∧K(Z/prt , 1))
for a prime p. If t = 0, the homotopy group π5(S
m) is known by π5(S
3) = π5(S
4) =
Z/2 and π5(S
5) = Z. For an odd prime p, this homotopy group an be determined by
Proposition 4.2. The rest work in this setion is of ourse to ompute π5(Σ
mK(Z/2r1 , 1)∧
K(Z/2r2 , 1) ∧ · · · ∧K(Z/2rt , 1)) with m+ t ≥ 3. When m+ t ≥ 5, we have
π5(X) =
{
0 if m+ t > 5
Z/2min{r1,...,rt} if m+ t = 5 with t ≥ 1
for X = ΣmK(Z/2r1 , 1) ∧K(Z/2r2 , 1) ∧ · · · ∧ K(Z/2rt , 1). The rst less obvious ase is
m+ t = 4, whih will be disussed in the next subsetion.
4.2. The Group π5(Σ
mK(Z/2r1 , 1)∧K(Z/2r2 , 1)∧ · · ·∧K(Z/2rt , 1)) for m+ t = 4 and
m, t ≥ 1. We rst onsider the ase t = 1.
Lemma 4.1. The Hurewiz homomorphism
h5 : π5(Σ
2K(Z/2r, 1))→ H5(Σ
2K(Z/2r, 1))
is onto for any r ≥ 1.
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Proof. Let X = Σ2K(Z/2r, 1). Consider the Whitehead exat sequene
π5(X)
h5✲ H5(X)→ Γ4(X) = Z/2→ π4(X)→ H4(X) = 0.
Thus the Hurewiz homomorphism h5 is onto if and only if π4(X) 6= 0.
Let f : S3 → X be a map representing the generator for π3(X) = Z/2
r
. From the
remark to Theorem 2.1, π4(X) = 0 if and only if the omposite
S4
η✲ S3
f✲ X
is null homotopi, if and only if the map f : S3 → X extends to a map f˜ : ΣCP2 → X
beause ΣCP2 is the homotopy obre of η : S4 → S3.
Suppose that there exists a map f˜ : ΣCP2 → X suh that f˜ |S4 = f . By taking mod 2
ohomology, there is ommutative diagram
H5(ΣCP2;Z/2) ✛
f˜∗
H5(X ;Z/2) = Z/2
H3(ΣCP2;Z/2) = H3(S3;Z/2)
∼= Sq2
✻
✛f˜
∗=f∗
∼=
H3(X ;Z/2) = Z/2.
Sq2
✻
It follows that
Sq2 : H3(X ;Z/2) −→ H5(X ;Z/2)
is an isomorphism. On the other hand, from the fat that X = Σ2K(Z/2r, 1) and
Sq2 : H1(K(Z/2r, 1);Z/2) → H3(K(Z/2r, 1)) is zero, Sq2 : H3(X ;Z/2) → H5(X ;Z/2)
is zero. This gives a ontradition. The assertion follows. 
Proposition 4.4. π5(Σ
3K(Z/2r, 1)) = Z/2 for r ≥ 1.
Proof. Let X = Σ3K(Z/2r, 1). Consider the Whitehead exat sequene
π6(X)
h6✲ H6(X)→ Γ5(X) = Z/2→ π5(X)→ H5(X) = 0.
By Lemma 4.1, h6 : π6(X)→ H6(X) is onto. Thus π5(X) ∼= Γ5(X) = Z/2. 
Now we onsider the ase t = 2.
Proposition 4.5. Let r1, r2 ≥ 1. Then
π5(Σ
2K(Z/2r1, 1) ∧K(Z/2r2, 1)) =
{
Z/2⊕ Z/2min{r1,r2} if max{r1, r2} > 1,
Z/4 if r1 = r2 = 1.
Proof. Let X = Σ2K(Z/2r1, 1) ∧K(Z/2r2 , 1). By Lemma 4.1, there exists a map
fi : S
5 −→ Σ2K(Z/2ri, 1), i = 1, 2,
whih indues an epimorphism
fi∗ : H5(S
5) ✲✲ H5(Σ
2K(Z/2ri, 1).
Let j : Y = Σ2M(Z/2r1 , 1)∧M(Z/2r2 , 1) →֒ X be the anonial inlusion. Then the map
f : Y ∨ S5 ∧K(Z/2r2 , 1) ∨K(Z/2r1, 1) ∧ S5
(j,f1∧id,id∧f2)✲ X
indues an isomorphism on Hj( ;Z/2) for j ≤ 6. Thus
f∗ : πk
(
Y ∨ S5 ∧K(Z/2r2 , 1) ∨K(Z/2r1 , 1) ∧ S5
)
−→ πk(X)
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is an isomorphism for k ≤ 5. Note that
πk(S
5 ∧K(Z/2r2 , 1)) = πk(K(Z/2
r1 , 1) ∧ S5) = 0
for k ≤ 5. Thus
j∗ : πk(Y )→ πk(X)
is an isomorphism for k ≤ 5. In partiular, π5(Y ) ∼= π5(X).
If max r1, r2 > 1, from deomposition (3.7), we have
Σ2M(Z/2r1 , 1) ∧M(Z/2r2 , 1) ≃M(Z/2min{r1,r2}, 4) ∨M(Z/2min{r1,r2}, 5)
and so
π5(Y ) ∼= π5(M(Z/2
min{r1,r2}, 4))⊕ π5(M(Z/2
min{r1,r2}, 5)) = Z/2⊕ Z/2min{r1,r2}.
Consider the ase r1 = r2 = 1. From formula (3.9) and the Freudenthal Suspension
Theorem,
π5(Σ
2M(Z/2, 1) ∧M(Z/2, 1)) ∼= π4(ΣM(Z/2, 1) ∧M(Z/2, 1)) ∼= Z/4.
The proof is nished. 
The last ase is t = 3.
Proposition 4.6. Let r1, r2, r3 ≥ 1 and let r = min{r1, r2, r3}. Then
π5(ΣK(Z/2
r1 , 1)∧K(Z/2r2, 1)∧K(Z/2r3, 1)) =
{
Z/2⊕ Z/2r if max{r1, r2, r3} > 1,
Z/2⊕ Z/2 if r1 = r2 = r3 = 1.
Proof. Let X = ΣK(Z/2r1 , 1) ∧K(Z/2r2 , 1) ∧K(Z/2r3, 1). Let f1 be the omposite
S6
g✲ Σ3K(Z/2r1 , 1) ∼= ΣK(Z/2r1 , 1) ∧ S1 ∧ S1 ⊂ ✲ X,
where g is a map whih indues epimorphism on H6( ) by Lemma 4.1. Similarly, we have
the maps
fi : S
6 −→ ΣK(Z/2r1 , 1) ∧K(Z/2r2 , 1) ∧K(Z/2r3, 1), i = 2, 3,
by replaingK(Z/2r1 , 1) byK(Z/2ri , 1). Let Y = ΣM(Z/2r1 , 1)∧M(Z/2r2 , 1)∧M(Z/2r3 , 1)
and let j : Y →֒ X be the anonial inlusion. The map
Y ∨ S6 ∨ S6 ∨ S6
(j,f1,f2,f3)✲ X
indues an isomorphism on Hk( ;Z/2) for k ≤ 6 and so
(j, f1, f2, f3)∗ : π5(Y ∨ S
6 ∨ S6 ∨ S6) = π5(Y ) −→ π5(X)
is an isomorphism.
If max{r1, r2, r3} > 1, from deomposition (3.7),
Y ≃M(Z/2r, 4) ∨M(Z/2r, 5) ∨M(Z/2r, 5) ∨M(Z/2r, 6)
and so
π5(Y ) = Z/2⊕ Z/2
r ⊕ Z/2r.
If r1 = r2 = r3 = 1, there is a homotopy deomposition [22, Corollary 3.7℄
ΣRP2 ∧ RP2 ∧ RP2 ≃ ΣCP2 ∧ RP2 ∨ Σ4RP2 ∨ Σ4RP2.
By [22, Lemma 6.34 (2)℄,
π5(ΣCP
2 ∧ RP2) = 0
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and so
π5(ΣRP
2 ∧ RP2 ∧ RP2) = Z/2⊕ Z/2,
whih nishes the proof. 
Remark 4.1. For the ase X = ΣK(Z/2, 1) ∧ K(Z/2, 1) ∧ K(Z/2, 1), the Hurewiz
homomorphism
π5(X) = Z/2⊕ Z/2 −→ H5(X) = Z/2⊕ Z/2
is an isomorphism and so, in the Whitehead exat sequene,
H6(X) −→ Γ5(X) = Z/2
is onto. This gives an example that the morphism H6(Z)→ Γ5(Z) in diagram (4.1) may
not be zero, whih is the only example in the ase m + t = 4. More examples will be
shown up in the ase m+ t = 3 in the next subsetions.
4.3. The Group π5(ΣK(Z/2
r, 1)) ∼= π5(ΣK(Z/2
r, 1) ∧K(Z/2r, 1)).
Lemma 4.2. Let X = ΣK(Z/2r, 1) ∧ K(Z/2r, 1) with r ≥ 1. Then mod 2 Hurewiz
homomorphism
π6(X)
h6✲ H6(X) ✲ H6(X ;Z/2)
is zero.
Proof. Reall that the mod 2 ohomology ring
H∗(K(Z/2r, 1);Z/2) ∼= E(u1)⊗ P (u2)
with the r th Bokstein βr(u1) = u2. Let xi (and yi) denote the basis forHi(K(Z/2
r;Z/2).
The Steenrod operations and the Bokstein on lower homology are given by
Sq2∗x4 = x2 Sq
2
∗y4 = y2
βr(x4) = x3 βry4 = y3
βr(x2) = x1 βry2 = y1.
The Z/2-vetor spae s−1H˜k(X ;Z/2) with k ≤ 6 has a basis given by the table
k = 6 x1y4 x2y3 x3y2 x4y1
5 x1y3 x2y2 x3y1
4 x1y2 x2y1
3 x1y1

Let α ∈ H6(X ;Z/2) be a spherial lass. Then
s−1α = ǫ1x1y4 + ǫ2x2y3 + ǫ3x3y2 + ǫ4x4y1
for some ǫi ∈ Z/2. Observe that for any spherial lass,
βs(α) = Sq
t
∗(α) = 0
for any s, t ≥ 1. By applying Sq2∗ to α, we have
0 = Sq2∗(s
−1α)
= ǫ1Sq
2
∗(x1y4) + ǫ2Sq
2
∗(x2y3) + ǫ3Sq
2
∗(x3y2) + ǫ4Sq
2
∗(x4y1)
= ǫ1x1y2 + 0 + 0 + ǫ4x2y1
in s−1H4(X ;Z/2). Thus
ǫ1 = ǫ4 = 0 (4.2)
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By applying the Bokstein βr to α, we have
0 = βr(s
−1α)
= ǫ1βr(x1y4) + ǫ2βr(x2y3) + ǫ3βr(x3y2) + ǫ4βr(x4y1)
= ǫ1x1y3 + ǫ2x1y3 + ǫ3x3y1 + ǫ4x3y1
= (ǫ1 + ǫ2)x1y3 + (ǫ3 + ǫ4)x3y1
and so
ǫ1 + ǫ2 = ǫ3 + ǫ4 = 0.
Together with equation (4.2), we have ǫi = 0 for 1 ≤ i ≤ 4. Thus α = 0 and hene the
result. 
Theorem 4.1. π5(ΣK(Z/2, 1)) ∼= π5(ΣK(Z/2, 1) ∧K(Z/2, 1)) = Z/2⊕ Z/2.
Proof. Let X = ΣK(Z/2, 1) ∧K(Z/2, 1). Notie that
H6(X) = Z/2⊕ Z/2 ∼= H6(X ;Z/2).
From diagram (4.1), there is an exat sequene
H6(X) = Z/2⊕ Z/2 ⊂ ✲ Γ5(X) ✲ π4(X) ✲✲ H5(X) = Z/2⊕ Z/2.
By Corollary 3.2,
π4(X) ∼= π4(ΣK(Z/2, 1)) ∼= Z/4.
From Theorem 2.2(2), there is a short exat sequene
π4(X)⊗ Z/2 ⊕ Λ
2(π3(X)) = Z/2 ⊂ ✲ Γ5(X) ✲✲ Tor(π3(X),Z/2) = Z/2.
Thus the group Γ5(X) is of order 4. It follows that the monomorphism
H6(X) = Z/2⊕ Z/2 ⊂ ✲ Γ4(X)
is an isomorphism and hene the result. 
Lemma 4.3. Let r1, r2 ≥ 1 with max{r1, r2} > 1. Then there is a short exat sequene
Z/2⊕ Z/2 ⊂ ✲ Γ5(ΣK(Z/2
r1 , 1) ∧K(Z/2r2, 1)) ✲✲ Z/2.
Proof. Let A = Z/2r1 ⊕Z/2r2. Let X = ΣK(Z/2r1 , 1)∧K(Z/2r2 , 1). Then X is a retrat
of ΣK(A, 1) ∧ K(A, 1). From Theorem 3.2, Γ4(X) = Z/2
r1 ⊗ Z/2r2 ⊗ Z/2 = Z/2 is
summand of π4(X) and so
π4(X) ∼= Γ4(X)⊕H4(X)
= Γ4(X)⊕H3(K(Z/2
r1 , 1) ∧K(Z/2r2 , 1))
∼= Γ4(X)⊕ Tor(Z/2
r1 ,Z/2r2)
∼= Z/2⊕ Z/2min{r1,r2}.
The assertion follows from Theorem 2.2(2). 
There is a anonial hoie of skeleton skn(K(Z/2
r, 1)) with
skn(K(Z/2
r, 1) = skn−1(K(Z/2
r, 1) ∪ en.
This indues a hoie of skeleton
skn(ΣK(Z/2
r1 , 1) ∧K(Z/2r2, 1)) = Σ
⋃
i+j≤n
ski(K(Z/2
r1, 1)) ∧ skj(K(Z/2
r2, 1)).
Lemma 4.4. Let r1, r2 ≥ 1. Let r = min{r1, r2}. Let X = ΣK(Z/2
r1 , 1) ∧K(Z/2r2, 1).
Then
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(1) sk4(X) ≃M(Z/2
r, 3) ∨ S3.
(2) If r1 = r2 = 1, then sk5(X) ≃ S
5 ∨ S5 ∨ ΣRP2 ∧ RP2.
(3) If max{r1, r2} > 1, then sk5(X) ≃ S
5 ∨ S5 ∨M(Z/2r, 3) ∨M(Z/2r, 4).
(4) Γ5(X) ∼= π5(ΣM(Z/2
r1 , 1)∧M(Z/2r2 , 1)) =

Z/2⊕ Z/2 if r1 = r2 = 1,
Z/4⊕ Z/2 if min{r1, r2} = 1
and max{r1, r2} > 1,
Z/2⊕ Z/2⊕ Z/2 if r1, r2 > 1.
Proof. Wemay assume that r1 ≤ r2 and so r = r1. Let xi (yi) be a basis forHi(K(Z/2
r1 , 1);Z/2)
(Hi(K(Z/2
r2, 1);Z/2)), whih represents the i-dimensional ell in the spae K(Z/2rk , 1).
Then
s−1H˜∗(skn+1(X);Z/2)
has a basis given by xiyj with i + j ≤ n and i, j ≥ 1. In partiular, s
−1H˜∗(sk4(X);Z/2)
has a basis {x1y1, x1y2, x2y1} with the Bokstein βr1(x2y1) = x1y1. There is (unique up
to homotopy) 2-loal 3-ell omplex with this homologial struture whih is given by
S4 ∨M(Z/2r, 3). Thus sk4(X) ≃ S
4 ∨M(Z/2r, 3), whih is assertion (1).
(2) and (3). Observe that s−1H˜∗(sk5(X);Z/2) has a basis {x1y1, x1y2, x2y1, x1y3, x2y2, x3y3}.
Let
j : ΣM(Z/2r1 , 1) ∧M(Z/2r2 , 1) ⊂ ✲ sk5(X)
be the anonial inlusion. For i = 1, 2, the omposite
S5
g✲ Σ2K(Z/2ri, 1) ∼= ΣK(Z/2ri , 1) ∧ S1 ⊂ ✲ ΣK(Z/2r1 , 1) ∧K(Z/2r2 , 1),
in whih g is map that induing isomorphism on H5( ;Z/2) as in Lemma 4.1, indues a
map
fi : S
5 −→ sk5(X).
By inspeting homology, the map
(f1, f2, j) : S
5 ∨ S5 ∨ ΣM(Z/2r1 , 1) ∧M(Z/2r2 , 1) −→ sk5(X)
indues an isomorphism on mod 2 homology and so it is a homotopy equivalent loalized
at 2. If max{r1, r2} > 1, then from deomposition 3.7,
ΣM(Z/2r1 , 1) ∧M(Z/2r2 , 1) ≃M(Z/2r, 3) ∨M(Z/2r, 4)
and so sk5(X) ≃ S
5 ∨ S5 ∨M(Z/2r, 3)∨M(Z/2r, 4) in this ase. Thus assertions (2) and
(3) follow.
(4). Case I. max{r1, r2} > 1. By the denition of the Whitehead's funtor Γ,
Γ5(X) = Im(π5(sk4(X))→ π5(sk5(X))
= Im(π5(S
4 ∨M(Z/2r, 3))→ π5(S
5 ∨ S5 ∨M(Z/2r, 3) ∨M(Z/2r, 4)))
= π5(M(Z/2
r, 3) ∨M(Z/2r, 4))
beause
M(Z/2r, 3) ∨M(Z/2r, 4))) ≃ ΣM(Z/2r1 , 1) ∧M(Z/2r2 , 1) = (S4 ∨M(Z/2r, 3)) ∪ e5.
Now it sues to ompute
π5(M(Z/2
r, 3) ∨M(Z/2r, 4)) = π5(M(Z/2
r, 3))⊕ π5(M(Z/2
r, 4)).
It is straight forward to see that π5(M(Z/2
r, 4)) = Z/2 represented by the omposite
S5
η✲ S4 ⊂ ✲ M(Z/2r, 4).
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If r = min{r1, r2} = 1, then π5(M(Z/2
r, 3) = Z/4 aording to [22, Proposition 5.1℄.
If r = min{r1, r2} > 1, we ompute π5(MZ/2
r, 3). Observe that this is in the stable
range and so
π5(M(Z/2
r, 3)) ∼= πs5(M(Z/2
r, 3)).
Now we are working in the stable homotopy ategory. Sine η : S5 → S4 is of order 2,
there is a map
η˜ : M(Z/2, 5) −→ S4
suh that η˜|S5 ≃ η. Sine the identity map of M(Z/2, 5) is of order 4 (see for instane [17,
Theorem 4.4℄), there is a ommutative diagram
S5 ⊂
j✲ M(Z/2, 5)
M(Z/2r, 3)
pinch ✲
✛
η¯
S4
η˜
❄
[2r] ✲ S4,
where the bottom row is the obre sequene. The omposite η¯ : S5 →M(Z/2r, 3) repre-
sents an element in πs5(M(Z/2
r, 3)) that maps down to πs5(S
4) = Z/2(η). Sine the map
j : S5 →M(Z/2, 5) is of order 2, the omposite η¯ ◦ j is of order 2. It follows that
π5(M(Z/2
r, 3)) ∼= πs5(M(Z/2
r, 3)) ∼= πs5(S
4)⊕ πs5(S
3) ∼= Z/2 ⊕ Z/2. (4.3)
Case II. r1 = r2 = 1. In this ase, similar to the above arguments,
Γ5(X) = Γ5(ΣRP
2 ∧ RP2) = π5(ΣRP
2 ∧ RP2). (4.4)
We ompute this homotopy group. Note that
ΣRP2 ∧ RP2 = sk4(X) ∪ e
5 = (S4 ∨M(Z/2, 3) ∪ e5.
There is a obre sequene
S4
f✲ S4 ∨M(Z/2, 3)
g✲ ΣRP2 ∧ RP2,
where the omposite
S4
f✲ S4 ∨M(Z/2, 3)
proj.✲ S4
is of degree 2 beause
Sq1∗ : H5(ΣRP
2 ∧ RP2;Z/2) = Z/2 −→ H4(ΣRP
2 ∧ RP2;Z/2) = Z/2⊕ Z/2
is not zero, and the omposite
S4
f✲ S4 ∨M(Z/2, 3)
proj.✲ M(Z/2, 3)
is homotopi to the omposite
S4
η✲ S3 ⊂
j✲ M(Z/2, 3)
beause π4(M(Z/2, 3)) = Z/2 and
Sq2∗ : H5(ΣRP
2 ∧ RP2;Z/2) = Z/2 −→ H3(ΣRP
2 ∧ RP2;Z/2) = Z/2
is an isomorphism. Sine
Γ5(ΣRP
2 ∧ RP2) = π5(ΣRP
2 ∧ RP2),
g∗ : π5(S
4 ∨M(Z/2, 3)) −→ π5(ΣRP
2 ∧ RP2)
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is an epimorphism. By applying the Hilton-Milnor Theorem,
π5(S
4 ∨M(Z/2, 3)) ∼= π4(Ω(S
4 ∨M(Z/2, 3)))
∼= π4(ΩS
4 × Ω(M(Z/2, 3))× ΩΣ(ΩS4 ∧ ΩM(Z/2, 3)))
∼= π4(ΩS
4)⊕ π4(Ω(M(Z/2, 3)))
∼= π5(S
4)⊕ π5(M(Z/2, 3))
∼= Z/2⊕ π5(M(Z/2, 3)).
From [22, Proposition 5.1℄, π5(M(Z/2, 3)) = Z/4 generated by the homotopy lass of any
map φ : S5 →M(Z/2, 3) suh that the omposite
S5 →M(Z/2, 3)→ S4
is homotopi to η, the generator for π5(S
4) = Z/2, and, for any suh a hoie of map φ,
the element 2[φ] is given by the homotopy lass of the omposite
S5
η✲ S4
η✲ S3 ⊂
j✲ M(Z/2, 3).
From the fat that g ◦ f ≃ ∗, the omposite
π5(S
4)
f∗✲ π5(π5(S
4 ∨M(Z/2, 3)))
g∗✲ π5(ΣRP
2 ∧ RP2)
is zero. Observe that
f∗(η) = 2η + [j ◦ η ◦ η] = 2[φ].
Thus g∗(2[φ]) = 0 and so π5(ΣRP
2 ∧ RP2) is a quotient group Z/2 ⊕ Z/2. On the other
hand, from Theorem 2.2(2), there is short exat sequene
Z/2 ⊂ ✲ Γ5(ΣRP
2 ∧ RP2) = π5(ΣRP
2 ∧ RP2) ✲✲ Z/2.
It follows that π5(ΣRP
2 ∧ RP2) = Z/2⊕ Z/2. The proof is nished. 
Let Len3(2r) = sk3(K(Z/2
r, 1)) be the 3-dimensional lens spae.
Lemma 4.5. Let r1, r2 ≥ 1. Let
X1 = ΣM(Z/2
r1 , 1) ∧M(Z/2r2 , 1),
X2 = ΣLen
3(2r1) ∧ Len3(2r2),
X = ΣK(Z/2r1 , 1) ∧K(Z/2r2, 1).
Then there is a ommutative diagram
Γ5(X1)
∼=✲ π5(X1)
Γ5(X2)
∼=
❄
⊂
x✲ π5(X2)
❄
∩
x✲✲ Z/2r1 ⊕ Z/2r2
H6(X) ✲ Γ5(X)
∼=
❄
✲ π5(X)
❄❄
✲✲ (Z/2min{r1,r2})⊕2,
❄❄
where the rows are exat and the middle a splitting short exat sequene.
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Proof. As in the proof in Lemma 4.4, s−1H˜k(X) for k ≤ 6 has a basis
{xiyj | i+ j ≤ 6, i, j ≥ 1}.
Thus
sk4(X) ⊆ X1 ⊆ sk5(X) ⊆ X2 ⊆ sk7(X)
and so the ommutative diagram follows, where
Γ5(X1) ∼= Γ5(X2) ∼= Γ5(X)
are given by Lemma 4.4. Sine sk5(X) ⊆ X2, π5(X2)→ π5(X) is onto.
Now we show that the middle row in the diagram splits o. By taking the suspension,
there is a ommutative diagram of short exat sequenes
Γ5(X2) ⊂ ✲ π5(X2) ✲✲ H5(X2)
Γ6(ΣX2)
∼=
❄
⊂ ✲ π6(ΣX2)
❄
✲✲ H6(X2),
∼=
❄
where the left olumn is an isomorphism beause
Γ5(X2) ∼= π5(X1) ∼= π6(ΣX1) ∼= Γ6(ΣX2).
Thus
π5(X2) ∼= π6(ΣX2) (4.5)
by the 5-Lemma.
From Lemma 4.1, there is a map
g : S5 −→ Σ2K(Z/2r, 1)
induing an isomorphism on H5( ;Z/2). It follows that
Σ2Len3(2r) = Σ2sk3(K(Z/2
r, 1)) ≃ S5 ∨ Σ2M(Z/2r, 1) (4.6)
and so
ΣX2 = Σ
2Len3(2r1) ∧ Len3(2r2)
≃ (S5 ∨ Σ2M(Z/2r1 , 1)) ∧ Len3(2r2)
≃ Σ5Len3(2r2) ∨ Σ2Len3(2r2) ∧M(Z/2r1 , 1)
≃ S8 ∨M(Z/2r2 , 6) ∨M(Z/2r1 , 6) ∨M(Z/2r2 , 3) ∧M(Z/2r1 , 1).
(4.7)
Thus
π6(ΣX2) ∼= Z/2
r1 ⊕ Z/2r2 ⊕ Γ6(ΣX2)
and hene the result. 
Theorem 4.2. Let r > 1. Then
π5(ΣK(Z/2
r, 1)) ∼= π5(ΣK(Z/2
r, 1) ∧K(Z/2r, 1)) ∼= Z/2 ⊕ Z/2r ⊕ Z/2r.
Proof. Let X = ΣK(Z/2r, 1) ∧K(Z/2r, 1). By Lemma 4.5,
π5(X) ∼= Z/2
r ⊕ Z/2r ⊕ Im(Γ5(X)→ π5(X)).
From Lemma 4.4,
Γ5(X) = Z/2
⊕3.
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By Lemma 4.1, the omposite
π6(X)→ H6(X) = Z/2
r ⊕ Z/2r → H6(X ;Z/2)
is zero. Thus
H6(X) = Z/2
r ⊕ Z/2r −→ Γ5(X) = Z/2⊕ Z/2⊕ Z/2
detets two opies of Z/2-summands in Γ5(X). The proof is nished. 
4.4. The Group π5(ΣK(Z/2
r1 , 1)∧K(Z/2r2, 1)) with r1 < r2. Our omputation is given
by analyzing the ell struture. Let xi be a basis for H˜i(K(Z/2
r1,Z/2)) and let yi be a
basis for H˜i(K(Z/2
r2 ;Z/2)). Then
s−1H˜k(ΣK(Z/2
r1 , 1) ∧K(Z/2r2 , 1), k ≤ 6,
has a basis {xiyj | i+ j ≤ 6}. From the assumption that r1 < r2, the Steenrod operation
and Bokstein are indiated by the following diagram
k = 6 x2y3 x1y4 x3y2 x4y1
k = 5 x1y3
βr1
❄✛
βr 2
0
x2y2 x3y1
βr2
❄✛
βr 1
k = 4 x1y2
Sq2∗
❄✛
βr 1
x3y1
Sq2∗
❄
k = 3 x1y1 ,
✛
βr 1
(4.8)
where the dash arrows mean that the next Bokstein βr2 , whih omes fromH∗(K(Z/2
r2, 1)),
does not atually happen in the Bokstein spetral sequene up to this range.
Lemma 4.6. Let r2 > r1 ≥ 1 and let X = ΣK(Z/2
r1 , 1) ∧ K(Z/2r2, 1). Then the
suspension
E : π5(X) −→ π6(ΣX)
is an isomorphism.
Proof. From formula (4.5) together with the fat that πn−1(skn(Y )) ∼= πn−1(Y ),
π5(sk6(ΣLen
3(2r1) ∧ Len3(2r2))) −→ π6(sk7(ΣLen
3(2r1) ∧ Len3(2r2))).
Notie that
sk6(X) = sk6(ΣLen
3(2r1) ∧ Len3(2r2)) ∪ e6 ∪ e6
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indiated by the elements x1y4 and x4y1 in diagram (4.8). Then there is a ommutative
diagram of right exat sequenes
π5(S
5 ∨ S5)
f∗✲ π5(Z) ✲✲ π5(sk6(X))
π6(S
6 ∨ S6)
∼=
❄
Σf∗✲ π6(ΣZ)
∼=
❄
✲✲ π6(sk7(ΣX)),
E
❄
where Z = sk6(ΣLen
3(2r1) ∧ Len3(2r2)) and f : S5 ∨ S5 → Y is the attahing map for
sk6(X). The assertion follows by the 5-lemma. 
Theorem 4.3. Let r2 > r1 ≥ 1. Then
π5(ΣK(Z/2
r1 , 1) ∧K(Z/2r2 , 1)) =
 Z/2⊕ Z/4 if r1 = 1, r2 = 2,Z/2⊕ Z/8 if r1 = 1, r2 ≥ 3,
Z/2⊕ Z/2r1 ⊕ Z/2r1+1 if r2 > r1 > 1.
Proof. From Lemma 4.6, it sues to ompute π6(Σ
2K(Z/2r1 , 1)∧K(Z/2r2 , 1)). Let X =
sk7(Σ
2K(Z/2r1 , 1) ∧K(Z/2r2 , 1)). From splitting formula (4.7),
sk7(Σ
2Len3(2r1) ∧ Len3(2r2)) ≃M(Z/2r2 , 6) ∨M(Z/2r1 , 6) ∨M(Z/2r1 , 4) ∨M(Z/2r1 , 5).
Let Y = sk7(Σ
2Len3(2r1) ∧ Len3(2r2)). Then s−2H˜∗(Y ;Z/2) has a basis listed in dia-
gram (4.8) exluding the elements x1y4 and x4y1. Let P
n(2r) = M(Z/2r, n−1). The mod
homology H˜∗(P
n(2r);Z/2) has a basis urn−1 and v
r
n with degrees |u
r
n−1| = n− 1, v
r
n| = n
and the Bokstein βr(v
r
n) = u
r
n−1. Sine X = Y ∪ e
7 ∪ e7, there is a obre sequene
S61 ∨ S
6
2
f✲ P 7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1)
g✲ X
q✲ S71 ∨ S
7
2 ,
where
g∗(u
r1
6 , v
r2
7 ; u
r2
6 , v
r2
7 ; u
r1
4 , v
r1
5 ; u
r1
5 , v
r1
6 ) = s
2(x1y3, x2y3; x3y1, x3y2; x1y1, x2y1; x1y2, x2y2)
for athing the orresponding elements in H˜∗(X ;Z/2). Here the map f is the attah-
ing map with f |S61 , f |S62 orresponding to the homologial lasses s
2(x4y1) and s
2(x1y4),
respetively. Namely, the indued boundary map q : X → S71 ∨ S
7
2 has the homologial
property that q∗ : H7(X ;Z/2)→ H7(S
7
1 ∨ S
7
2) is given by
q∗(x2y3) = q∗(x3y2) = 0, q∗(s
2(x4y1)) = ι1, q∗(s
2(x1y4)) = ι2,
where ιj is the basis for H7(S
7
j ;Z/2). For j = 1, 2, let Xj be the homotopy obre of fj.
Then there is a ommutative diagram
S61 ∨ S
6
2
f✲ P 7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1)
g ✲ X
q✲ S71 ∨ S
7
2
S6j
∪
✻
f |
S6
j✲ P 7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1)
wwwwwwwww
gj ✲ Xj
θj
✻
qj ✲ S7j .
∪
✻
(4.9)
Statement 1. θj∗ : H˜∗(Xj;Z/2)→ H˜∗(X ;Z/2) is a monomorphism. Moreover,
Im(θ1∗ : H7(X1;Z/2)→ H7(X ;Z/2))
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has the basis given by {s2(x2y3), s
2(x3y2), s
2(x4y1)} and
Im(θ2∗ : H7(X2;Z/2)→ H7(X ;Z/2))
has the basis given by {s2(x2y3), s
2(x3y2), s
2(x1y4)}. Thus a basis for H˜∗(Xj ;Z/2) an be
listed in diagram (4.8) by removing one element. The statement follows immediately by
applying mod 2 homology to diagram (4.9), where the only simple omputation is given
by heking the image of θj∗.
Statement 2. The omposite
φj : S
6
j
f |
S6
j✲ P 7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1)
proj.✲ P 7(2r1)
is null homotopi for j = 1, 2.
Consider the ommutative diagram of obre sequenes
S6j
f |
S6
j✲ P 7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1)
gj ✲ Xj
S6j
wwwwwwwww
✲ P 7(2r1)
proj.
❄
✲ Z.
δ
❄
Then dimH˜∗(Z;Z/2) = 3 and δ∗ : H∗(Xj ;Z/2)→ H∗(Z;Z/2) is onto. From diagram (4.8),
the Bokstein
βt : H7(Z;Z/2)→ H6(Z;Z/2)
is 0 for t < r1 with the rst non-trivial Bokstein given by βr1 oming from βr1(x2y3) =
x1y3 in diagram (4.8). Note that π6(P
7(2r1)) = Z/2r1 generated by the inlusion ι¯ : S6 →֒
P 7(2r1). Then the homotopy lass
[φj] = kι¯
for some k ∈ Z. If k ≡ 1 mod 2, then dimH˜∗(Z;Z/2) = 1 whih ontradits to that
dimH˜∗(Z;Z/2) = 3. Thus k must be divisible by 2. Let k = 2
tk′ with k′ ≡ 1 mod 2
for some t ≥ 1. If t < r1, then there is a nontrivial Bokstein βt on H˜∗(Z;Z/2) whih
is impossible from the above. Hene t ≥ r1 and so [φj] = 0 in π6(P
7(2r1)) = Z/2r1.
Statement 2 follows.
Statement 3. The omposite
ψ : S61
f |
S61✲ P 7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1)
proj.✲ P 6(2r1)
is null homotopi.
Consider the ommutative diagram of obre sequenes
S61
f |
S61✲ P 7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1)
g1 ✲ X1
S61
wwwwwwwww
✲ P 6(2r1)
pproj.
❄
g′ ✲ W.
δ
❄
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Then dimH˜∗(W ;Z/2) = 3 and δ∗ : H˜(X1;Z/2)→ H˜∗(W ;Z/2) is onto. Moreover, H7(W ;Z/2)
has a basis given by δ∗(s
2(x4y1)). By Statement 1, a basis for H˜∗(X1;Z/2) is listed in
diagram (4.8) by removing x1y4. The anonial projetion
p : P 7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1) −→ P 6(2r1)
has the property that p∗(u
r1
5 ) = u
r1
5 , p∗(v
r1
6 ) = v
r1
6 and p∗(x) = 0 for x to the other
elements in the basis for H˜∗(P
7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1);Z/2). In partiular,
p∗(v
r1
5 ) = 0. Note that
Sq2∗δ∗(s
2(x4y1)) = δ∗(Sq
2
∗(s
2(x4y1)))
= δ∗(s
2(x2y1))
= δ∗(g1∗(v
r1
5 )
= g′∗ ◦ p∗(v
r1
5 )
= 0.
If follows that
Sq2∗ : H7(W ;Z/2)→ H5(W ;Z/2)
is zero. From the exat sequene
π6(S
5) = Z/2
2r1
0
✲ π6(S
5) = Z/2 ✲ π6(P
6(2r1) ✲ π5(S
5) = Z
2r1✲ Z,
we have
π6(P
6(2r1)) = Z/2 (4.10)
generated by the omposite
η¯ : S6
η✲ S5 ⊂ ✲ P 6(2r1).
Thus the homotopy lass [ψ] = 0 or η¯. If [ψ] = η¯, then Sq2 : H7(W ;Z/2)→ H5(W ;Z/2)
is not zero, whih is impossible from the above. Hene [ψ] = 0. This nishes the proof
for Statement 3.
Statement 4. There is a homotopy deomposition
X ≃ P 7(2r1) ∨ T1 ∨ T2,
where H˜∗(T1;Z/2) and H˜∗(T2;Z/2) have basis listed by the middle and the right modules
in diagram (4.6), respetively.
From Statements 2 and 3, the attahing map f |S61 maps into the subspae P
7(2r2) ∨
P 5(2r1) up to homotopy beause, in the range of π6, we have
π6(P
7(2r1)∨P 7(2r2)∨P 5(2r1)∨P 6(2r1)) ∼= π6(P
7(2r1))⊕π6(P
7(2r2))⊕π6(P
5(2r1))⊕π6(P
6(2r1)).
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Thus there is a homotopy ommutative diagram of obre sequenes
S61
f ′ ✲ P 7(2r2) ∨ P 5(2r1) ✲ T2
S61 ∨ S
6
2
❄
∩
f✲ P 7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1)
❄
∩
g ✲ X
i1
❄
S61
proj.
❄
f ′ ✲ P 7(2r2) ∨ P 5(2r1)
proj.
❄
✲ T2.
q1
❄
(4.11)
From Statement 2, there is a homotopy ommutative diagram of obre sequenes
S61 ∨ S
6
2
f✲ P 7(2r1) ∨ P 7(2r2) ∨ P 5(2r1) ∨ P 6(2r1)
g ✲ X
∗
❄
✲ P 7(2r1)
proj.
❄
================ P 7(2r1).
q2
❄
Now the omposite
P 7(2r1) ∨ T2
(g|
P7(2r1 ),i1)✲ X
(q2,q1)✲ P 7(22
r1 ) ∨ T2
is a homotopy equivalene by inspeting the homology and hene the statement.
Computation of the Homotopy Group: From Statement 4, we have
π6(X) ∼= π6(P
7(2r1)∨T1 ∨T2) ∼= π6(P
7(2r1))⊕π6(T1)⊕π6(T2) ∼= Z/2
r1 ⊕π6(T1)⊕π6(T2).
For omputing π6(T1), sine T1 = P
6(2r1) ∪ e7, there is a right exat sequene
π6(S
6) = Z ✲ π6(P
6(2r1)) = Z/2 ✲✲ π6(T1),
where π6(P
6(2r1)) = Z/2 is given in formula (4.10). From diagram (4.6),
Sq2∗ : H7(T1;Z/2) −→ H5(T1;Z/2)
is an isomorphism and so the attahing map S6 → P 6(2r1) of T1 is non-trivial. It follows
that π6(T1) = 0.
Now we ompute π6(T2). From diagram 4.11, there is a right exat sequene
π6(S
6) = Z/
f ′∗✲ π6(P
7(2r2) ∨ P 5(2r1)) = π6(P
7(2r2))⊕ π6(P
5(2r1)) ✲✲ π6(T2).
Note that a basis for H˜∗(T2) an be listed in the right module of diagram (4.6). The
omposite
π6(S
6) = Z
f ′∗✲ π6(P
7(2r2))⊕ π6(P
5(2r1))
proj.✲ π6(P
7(2r2)) = Z/2r2
is of degree 2r1 beause of the existene of the Bokstein βr1 . Moveover the omposite
S6
f ′✲ P 7(2r2) ∨ P 5(2r1)
proj.✲ P 5(2r1)
pinch✲ S5 (4.12)
is homotopi to η beause of the existene of the Steenrod operation Sq2∗.
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Case I. r1 = 1. Aording to [22, Proposition 5.1℄, π6(P
5(2)) = Z/4 generated by the
homotopy lass of any may S6 → P 5(2) suh that the omposite S6 → P 5(2) → S5 is η.
It follows that there is a right exat sequene
Z
f ′∗=(2
r1 ,λ)✲ Z/2r2 ⊕ Z/4 ✲✲ π6(T2),
where λ : Z→ Z/4 is an epimorphism. Thus
π6(T2) =
{
Z/4 if r2 = 2,
Z/8 if r2 ≥ 3.
(4.13)
Case II. r1 > 1. From formula 4.3, we have π6(P
5(2r1)) = Z/2 ⊕ Z/2. Sine the
omposite in (4.12) is essential, the omposite
π6(S
6) = Z
f ′∗✲ π6(P
7(2r2))⊕ π6(P
5(2r1))
proj.✲ π6(P
5(2r1)) = Z/2⊕ Z/2
is nontrivial and so there is right exat sequene
Z
(2r1 ,λ)✲ Z/2r2 ⊕ (Z/2⊕ Z/2) ✲✲ π6(T2)
with λ : Z→ Z/2⊕ Z/2 nontrivial. It follows that
π6(T2) = Z/2
r1+1 ⊕ Z/2 for r1 > 1. (4.14)
The proof is nished now. 
4.5. The Group π5(Σ
2K(Z/2r, 1)). We use the spetral sequene indued from Carls-
son's onstrution for omputing this group. Let A be an abelian group and
0→ A1
δ
→ A0 → A→ 0
a two-step at resolution of A, i.e. A0 is a free abelian group. The diagram (1.1) implies
that there is a natural isomorphism
π4(Σ
2K(A, 1)) ≃ A⊗˜A,
where ⊗˜
2
:
⊗˜
2
(A) = A⊗˜A := A⊗ A/(a⊗ b+ b⊗ a, a, b ∈ A).
Given a free abelian group A¯, theorem 2.2 (2) implies the following natural exat sequene:
Γ5(Σ
2K(A¯, 1)) 
 // π5(Σ
2K(A¯, 1)) // // H5(Σ
2K(A¯, 1))
A¯⊗˜A¯⊗ Z/2⊕ Λ2(A¯)
  // π5(Σ
2K(A¯, 1)) // // Λ3(A¯)
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The spetral sequene (2.9) for n = 2, gives the following diagram of exat sequenes:
L1Λ
3(A)

A⊗˜A⊗ Z/2⊕ Λ2(A)
  //

π5(Σ
2K(A, 1)) // // L1⊗˜
2
(A)
π0(π5(Σ
2K(N−1(A1
δ
→ A0), 1)))
  //

π5(Σ
2K(A, 1)) // // π1(π4Σ
2K(N−1(A1
δ
→ A0), 1))
Λ3(A)
(4.15)
Consider the rst derived funtor of the funtor ⊗˜
2
. The short exat sequene
LSP 2(A)→ L⊗2 (A)→ L⊗˜
2
(A)
in the derived ategory has the following model:
Λ2(A1)
  δ2 //
 _

A1 ⊗ A0
δ1 //
 _

SP 2(A0)
 _

A1 ⊗ A1
 
δ′2 //

(A1 ⊗A0)⊕ (A0 ⊗ A1)

δ′1 // A0 ⊗ A0

SP 2(A1)
 
δ′′2 // A1 ⊗ A0
δ′′1 // A0⊗˜A0
with
δ2(a1 ∧ a
′
1) = a1 ⊗ δ(a
′
1)− a
′
1 ⊗ δ(a1)
δ1(a1 ⊗ a0) = a0δ(a1)
δ′2(a1 ⊗ a
′
1) = (a1 ⊗ δ(a
′
1),−a
′
1 ⊗ δ(a1))
δ′1(a1 ⊗ a0, a
′
1 ⊗ a
′
0) = δ(a1)⊗ a0 + δ(a
′
1)⊗ a
′
0
δ′′2(a1a
′
1) = a1 ⊗ δ(a
′
1) + a
′
1 ⊗ δ(a1)
δ′′1(a1 ⊗ a0) = ∂(a1)⊗˜a0
for a0, a
′
0 ∈ A0, a1, a
′
1 ∈ A1. For n ≥ 2, looking at the resolution Z
n
→ Z of the yli
group Z/n, we obtain the following representative of the element L⊗˜
2
(Z/n) in the derived
ategory:
Z
2n
→ Z
n
→ Z/2
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In partiular,
L1⊗˜
2
(Z/2k) = Z/2k+1, k ≥ 1. (4.16)
Here L1⊗˜
2
denotes the rst derived funtor of ⊗˜
2
(see 2.2).
We will use the following:
Lemma 4.7. (Lemma 2.1 from [21℄) Let G∗ be a simpliial group and let n ≥ 0. Suppose
that π0(G∗) ats trivially on πn(G∗). Then the homotopy group πn(G∗) is ontained in the
enter of Gn/BGn, where BGn is the nth simpliial boundary subgroup of Gn. 
Theorem 4.4. The homotopy group
π5(Σ
2K(Z/2r, 1)) =
{
Z/8 if r = 1
Z/2r+1 ⊕ Z/2 if r > 1.
Proof. Case 1: r = 1. The natural epimorphism Z→ Z/2 indues the homomorphisms
πn(S
3) = πn(Σ
2K(Z, 1))→ πn(Σ
2K(Z/2, 1)) = πn(Σ
2RP∞), n ≥ 1.
The diagram (4.15) together with (4.16) implies the following short exat sequenes:
Z/2 π5(S
3)

Z/2 
 // π5(Σ
2RP∞) // // Z/4
(4.17)
Consider this map simpliially, at the level of the natural map between the Carlsson
onstrutions F (S2) = F Z(S2)→ F Z/2(S2) :
F (S2)4
−→. . .
−→←−. . .
←−
F (S2)3
−→−→−−→←−←−←−
Z
↓ ↓ ↓
F Z/2(S2)4
−→. . .
−→←−. . .
←−
F Z/2(S2)3
−→−−→−←−←−−
F Z/2(S2)2
Here F Z/2(S2)k is the free produt of
(
k
2
)
opies of Z/2. In partiular
F Z/2(S2)4 = 〈sjsi(σ) 0 ≤ i < j ≤ 3| (sjsi(σ))
2 = 1〉
Using the desription of the element (2.7), we see that the simpliial yle whih denes
the image of π5(S
3) in π5(Σ
2RP∞) an be hosen of the form
[[s2s1(σ), s1s0(σ)], [s2s1(σ), s2s0(σ)]] ∈ F
Z/2(S2)4
With the help of lemma 4.7, we have
[[s2s1(σ), s1s0(σ)], [s2s1(σ), s2s0(σ)]] = [[(s2s1(σ), s1s0(σ)], (s2s1(σ)s2s0(σ))
2] ≡
[[s2s1(σ), s1s0(σ)], (s2s1(σ), s2s0(σ))]
2 mod BZ/2(S2)4
sine [[s2s1(σ), s1s0(σ)], s2s1(σ)s2s0(σ)] is a yle in F
Z/2(S2). That is, the image of the
element π5(S
3) is divisible by 2 in π5(Σ
2RP∞). The diagram (4.17) implies the result.
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Case 2: r > 1. Now the diagram (4.15) together with (4.16) implies the following short
exat sequene
0→ Z/2→ π5(Σ
2K(Z/2r, 1))→ Z/2r+1 → 0 (4.18)
Therefore, π5(Σ
2K(Z/2r, 1)) is either Z/2r+2 or Z/2r+1 ⊕ Z/2.
By theorem 2.2 (2), the Whitehead exat sequene for Σ2K(A, 1) has the following
form:
A⊗˜A⊗ Z/2⊕ Λ2(A)
 _

H4(A) // Γ5(Σ
2K(A, 1))

// π5(Σ
2K(A, 1)) // H3(A)
Tor(A,Z/2)
(4.19)
For A = Z/2r it is of the following form:
Z/2
 _

Γ5(Σ
2K(Z/2r, 1)) 
 //

π5(Σ
2K(Z/2r, 1)) // // Z/2r
Z/2
(4.20)
The natural projetion Z/2r ։ Z/2 indues the map
Z/2
 _

≃ // Z/2
 _

Γ5(Σ
2K(Z/2r, 1))

// Γ5(Σ
2RP∞)

Z/2
0 // Z/2
(4.21)
where the lower map is zero sine the indued map Tor(Z/2r,Z/2) → Tor(Z/2,Z/2)
is zero. The fat that π5(Σ
2RP∞) = Z/8 together with diagram (4.19) implies that
Γ5(Σ
2RP∞) = Z/4. Hene Γ5(Σ
2K(Z/2r, 1)) = Z/2⊕Z/2, sine there is no any endomor-
phism Z/4→ Z/4 with zero map on quotients Z/2→ Z/2 (as in diagram (4.21)). The dia-
gram (4.20) and exat sequene (4.18) implies that π5(Σ
2K(Z/2r, 1)) = Z/2r+1⊕Z/2. 
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4.6. Appliations.
Proposition 4.7. The group Γ5(ΣRP
∞) = Z/2⊕ Z/2⊕ Z/2.
Proof. Consider the Whitehead exat sequene
π6(ΣRP
∞)
h
0
✲ H6(ΣRP
∞) = Z/2 ✲ Γ5(ΣRP
∞) ✲
π5(ΣRP
∞) = Z/2⊕ Z/2 ✲ H5(ΣRP
∞) = 0,
where π5(ΣRP
∞) = Z/2⊕ Z/2 by Theorem 4.1 and the Hurewiz homomorphism
h6 : π6(ΣRP
∞)→ H6(ΣRP
∞)
is zero beause, otherwise, it would indues a splitting of ΣRP5 whih is impossible by
inspeting the Steenrod operation on mod 2 homology. Thus the order of Γ5(ΣRP
∞) is
8. We have to determine the group Γ5(ΣRP
∞). By the denition,
Γ5(ΣRP
∞) = Im(π5(ΣRP
3)→ π5(ΣRP
4)).
Thus the inlusion ΣRP3 → ΣRP∞ indues an epimorphism
Γ5(ΣRP
3) ✲✲ Γ5(ΣRP
∞).
Note that RP3 = SO(3) and so, by the Hopf bration,
π5(ΣSO(3)) ∼= π5(BSO(3))⊕ π5(ΣSO(3) ∧ SO(3))
∼= π4(SO(3))⊕ π5(ΣRP
3 ∧ RP3)
∼= Z/2⊕ π5(ΣRP
3 ∧ RP3).
From Lemmas 4.4 and 4.5,
π5(ΣRP
3 ∧ RP3) ∼= Γ5(ΣRP
3 ∧ RP3)⊕ Z/2⊕ Z/2
∼= π5(ΣRP
2 ∧ RP2)⊕ Z/2⊕ Z/2
∼= Z/2⊕ Z/2⊕ Z/2 ⊕ Z/2.
It follows that its quotient Γ5(ΣRP
∞) must be an elementary 2-group and so hene the
result. 
Proposition 4.8. For the suspended projetive spaes,
π5(ΣRP
n) =

Z/2 if n = 1,
Z/2⊕3 if n = 2,
Z/2⊕5 if n = 3,
Z/2⊕3 if n = 4,
Z/2⊕2 if 3 ≤ n ≤ ∞.
Proof. When n = 1, π5(S
2) = Z/2 from Toda's table[16℄. When n = 2, π5(ΣRP
2) =
Z/2⊕3 is given in [22, Theorem 6.36℄. When n = 3, π5(ΣRP
3) has been omputed in
Proposition 4.7. For n ≥ 4, sine sk6(ΣRP
∞) = ΣRP5,
π5(ΣRP
n) ∼= π5(ΣRP
∞) = Z/2⊕ Z/2
by Theorem 4.2. The remaining ase is π5(ΣRP
4). Let F be the homotopy bre of
the pinh map ΣRP6 ✲ ΣRP6/RP4 = M(Z/2, 6). By inspeting the Serre spetral
sequene to the bre sequene
ΩM(Z/2, 6) ✲ F ✲ ΩΣRP6,
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the anonial injetion j : ΣRP4 → F indues an isomorphism on Hk( ;Z/2) for k ≤ 6
and so
j∗ : πk(ΣRP
4) −→ πk(F )
is an isomorphism for k ≤ 5. In partiular, π5(ΣRP
4) ∼= π5(F ). From the exat sequene
π5(ΩM(Z/2, 6)) = Z/2 ✲ π5(F ) ✲ π5(ΣRP
6) = Z/2⊕ Z/2,
the group π5(F ) is of order at most 8 and so is π5(ΣRP
4). From Proposition 4.7,
Γ5(ΣRP
∞) = Im(π5(ΣRP
3)→ π5(ΣRP
4)) = Z/2⊕3.
It follows that π5(ΣRP
4) = Z/2⊕3 and hene the result. 
Proposition 4.9. π5(ΣK(Σ3, 1)) ≃ Z/2 ⊕ Z/2.
Proof. This follows from the analysis of the map between the Whitehead exat sequenes
(2.2) indued by the natural map Z/2 →֒ Σ3 :
H5(Z/2) // Γ5(ΣRP
∞) // π5(ΣRP
∞) // H4(Z/2)
H5(Σ3) // Γ5(ΣK(Σ3, 1)) // π5(ΣK(Σ3, 1)) // H4(Σ3)
Here the natural isomorphism Γ5(ΣRP
∞)→ Γ5(ΣK(Σ3, 1)) follows from the diagram
L2Γ
2
2(Z/4։ Z/2)

L2Γ
2
2(Z/4։ Z/2)

Γ32(Z/4։ Z/2, Z/2 →֒ Z/4)

Γ32(Z/4։ Z/2, Z/2 →֒ Z/12)

Γ5(ΣRP
∞) //

Γ5(ΣK(Σ3, 1))

L1Γ
2
2(Z/4։ Z/2) L1Γ
2
2(Z/4։ Z/2)

5. Relation to K-theory
As we mentioned in the introdution, there is a natural relation between the problem
onsidered and algebrai K-theory. Sine the plus-onstrution K(G, 1)→ K(G, 1)+ is a
homologial equivalene, there is a natural weak homotopy equivalene
ΣK(G, 1)→ Σ(K(G, 1)+)
This denes the natural suspension map:
πn(K(G, 1)
+)→ πn+1(Σ(K(G, 1)
+)) = πn+1(ΣK(G, 1))
for n ≥ 1.
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Given a group G and its maximal perfet normal subgroup P ⊳ G, one has natural
isomorphism πn(K(P, 1)
+) ≃ πn(K(G, 1)
+), n ≥ 2 sine K(P, 1)+ is homotopy equivalent
to the universal overing spae of K(G, 1)+.
For a perfet group G, the Whitehead exat sequenes form the following ommutative
diagram:
H4(G) // Γ2(H2(G))

// π3(K(G, 1)
+)

// // H3(G)
H4(G) // H2(G)⊗ Z/2 // π4(ΣK(G, 1)) // // H3(G)
(5.1)
Here we will look at the appliations of the following two lassial onstrutions:
1) Let R be a ring and G = E(R), the group of elementary matries. The group E(R) is
perfet and the plus-onstrution K(E(R), 1)+ also denoted K˜(R), denes the algebrai
K-theory of R: Kn(R) = πn(K(E(R), 1)
+), n ≥ 2.
2) Let Σ∞ be the innite permutation groups and A∞ is the innite alternating sub-
group. There is the following desription of stable homotopy groups of spheres [14℄:
πSn = πn(K(Σ∞, 1)
+) = πn(K(A∞, 1)
+), n ≥ 2. (5.2)
5.1. Let R be a ring. In this ase, one has the natural homomorphisms:
Kn(R)→ πn+1(ΣK(E(R), 1)), n ≥ 2.
For n = 2, learly one has the natural isomorphism:
K2(R) ≃ H2(E(R)) ≃ π3(ΣK(E(R), 1)). (5.3)
It is shown in [1℄ that the map Γ2(K2(R))→ K3(R) fators as
Γ2(K2(R))։ K2(R)⊗K1(Z)
⋆
→ K3(R),
where ⋆ is the produt in algebrai K-theory: ⋆ : Ki(S)⊗Kj(T )→ Ki+j(S ⊗ T ). Hene
the diagram (5.1) has the following form:
H4(E(R)) // Γ2(K2(R))

// K3(R)

// // H3(E(R))
H4(E(R)) // K2(R)⊗K1(Z)
⋆
66mmmmmmmmmmmmmmm
// π4(ΣK(E(R), 1)) // // H3(E(R))
(5.4)
and the natural map
K3(R)→ π4(ΣK(E(R), 1)) (5.5)
is an isomorphism. From equations (5.3) and (5.5) together with the fat that SL(Z) =
E(Z), we have the following:
Theorem 5.1. The natural homomorphism
Kn(R) −→ πn+1(ΣK(E(R), 1))
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is an isomorphism for n = 2, 3. In partiular,
π3(ΣK(SL(Z), 1)) ∼= K2(Z) ∼= Z/2 and
π4(ΣK(SL(Z), 1)) ∼= K3(Z) ∼= Z/48.

Remark 5.1. The isomorphism (5.5) and Carlsson onstrution FE(R)(S1) gives a way,
for an element of K3(R), to assoiate an element from F
E(R)(S1)3 = E(R) ∗E(R) ∗E(R)
(uniquely modulo BFE(R)(S1)):
K3(R) ///o/o/o
≃
**
E(R) ∗ E(R) ∗ E(R) ZF
E(R)(S1)3
BFE(R)(S1)3
j
J
wwooo
oo
oo
oo
oo
o
E(R)∗E(R)∗E(R)
BFE(R)(S1)3
section
OO
.
It is interesting to represent in this way known elements from K3(R) for dierent rings.
For R = Z, x ∈ SL(Z) = E(Z), denote by x(1), x(2), x(3) the orrespondent elements in
the free ube SL(Z) ∗ SL(Z) ∗ SL(Z). Take the following ommuting elements of SL(Z):
u =
1 0 00 −1 0
0 0 1
 , v =
1 0 00 1 0
0 0 −1

The struture of the element (2.7), diagram (5.4) and well-known fats about struture
of K2(Z) imply that, using the above notations, the element
[[u(2), v(3)], [u(1), v(3)]]
orresponds to the element of order 2 in K3(Z). It would be interesting to see an element
of SL(Z) ∗ SL(Z) ∗ SL(Z) whih orresponds to the generator of K3(Z) = Z/48. 
Consider the ase R = Z and n = 5. In this ase, E(Z) = SL(Z) and we have the
following ommutative diagram with exat horizontal sequenes:
Z⊕ (Z/2)2 // // (Z/2)3 // 0 // Z/2
H5SL(Z) // Γ4(K˜(Z)) //

K4(Z)

// Z/2 
 // Z/4

H5(SL(Z)) // Γ5(ΣK(SL(Z), 1)) // π5(ΣK(SL(Z), 1)) // Z/2
0 // Z/2
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and the following ommutative diagram:
(Z/2)2 
 // (Z/2)3 // // Z/2
Γ22(Γ2(K2(Z))→ K3(Z))
  //

Γ4(K˜(Z))

// // R2(K2(Z))

π4(ΣK(SL(Z), 1))⊗ Z/2
  // Γ5(ΣK(SL(Z), 1)) // Tor(π3(ΣK(SL(Z)), 1),Z/2)
Z/2 
 // (Z/2)2 // // Z/2
Simple analysis shows that the suspension map Γ4(K˜(Z)) → Γ5(ΣK(SL(Z), 1)) is an
epimorphism and therefore we have the following theorem:
Theorem 5.2. The Hurewiz homomorphism
π5(ΣK(SL(Z), 1))→ H4(SL(Z)) = Z/2
is an isomorphism. 
Remark. Sine K4(Z) = 0, we see that the natural homomorphism
K4(Z)→ π5(ΣK(SL(Z), 1))
is not an isomorphism.
5.2. Here we will use (5.2) for ertain omputations.
Theorem 5.3. Let A4 be the 4-th alternating group. Then π4(ΣK(A4, 1)) = Z/4.
Proof. First reall that
3
H1(A4) = Z/3, H2(A4) = Z/2, H3(A4) = Z/6, H4(A4) = 0
H2(A∞) = Z/6, H3(A∞) = Z/12, π3(ΣK(A4, 1)) = Z/6
Consider the Whitehead exat sequene for the spae ΣK(A4, 1):
Γ3(ΣK(A4, 1))
  // pi4(ΣK(A4, 1)) // H3(A4) // Γ2(H1(A4)) // pi3(ΣK(A4, 1)) // // H2(A4)
Z/6 // Z/3 // Z/6 // // Z/2
3
These omputations were done with the help of HAP-system. The authors thank Graham Ellis for
these omputations
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Sine R2(π2ΣK(A4, 1)) = R2(Z/3) = 0, we have Γ3(ΣK(A4, 1)) = Γ
2
2(Z/3 →֒ Z/6). It
follows from the denition of the funtor Γ22 that it is isomorphi to the pushout
Z/3⊗ (Z/3⊕ Z/2) //

0

Z/6⊗ (Z/3⊕ Z/2) // Γ22(Z/3 →֒ Z/6)
That is, Γ22(Z/3 →֒ Z/6) = Z/2 and there is the following short exat sequene:
0→ Z/2→ π4(ΣK(A4, 1))→ Z/2→ 0.
We ome to the extension problem: is it Z/22 or Z/4?
Consider the monomorphismA4 →֒ A∞ and the map between orresponding Whitehead
sequenes:
Γ3(ΣK(A4, 1))
  //

π4(ΣK(A4, 1)) //

H3(A4) //

Γ2(H1(A4))

Γ3(ΣK(A∞, 1)) // π4(ΣK(A∞, 1)) // H3(A∞) // Γ2(H1(A∞))
whih is
Z/2 
 //

π4(ΣK(A4, 1)) //

Z/6 //

Z/6

Γ22(0→ Z/6)
// π4(ΣK(A∞, 1)) // Z/12 // 0
(5.6)
It is easy to see that Γ22(0 → Z/6) = Z/2 and that Γ
2
2(Z/3 →֒ Z/6)→ Γ
2
2(0 → Z/6) is
an isomorphism. We obtain the following diagram:
Z/2 
 // π4(ΣK(A4, 1))

// // Z/2
 _

Z/2 // π4(ΣK(A∞, 1)) // // Z/12
(5.7)
Now we use the isomorphism (5.2). Consider the suspension:
K(A∞, 1)
+ → ΩΣK(A∞, 1)
+ ≃ ΩΣK(A∞, 1)
and the orresponding map between Whitehead sequenes:
H4(A∞) // Γ2(π
S
2 )

// πS3
// //

H3(A∞)
H4(A∞) // πS2 ⊗ Z/2
// π4(ΣK(A∞, 1)) // H3(A∞)
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Sine
πS3 = Z/24, π
S
4 = 0,
we onlude that the Whitehead sequene for K(A∞, 1)
+
has the following form:
H4(A∞)
  // Γ2(π
S
2 )
// πS3
// // H3(A∞)
Z/2 
 // Z/4 // Z/24 // // Z/12
We onlude that the map
πS3 → π4(ΣK(A∞, 1))
is an isomorphism and that the map
H4(A∞)→ Γ
2
2(0→ Z/6)
is the zero map. The diagram (5.7) has the following form:
Z/2 
 // π4(ΣK(A4, 1))

// // Z/2
 _

Z/2 
 // Z/24 // // Z/12
The result follows. 
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